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How far do chemotaxis-driven forces influence regularity 
in the Navier-Stokes system? 

Michael Winkler* 

Institut fiir Mathematik, Universitat Paderborn, 

33098 Paderborn, Germany 


The chemotaxis-Navier-Stokes system 

Tit + u - Vn 
Ct + u ■ Vc 
Ut + {u ■ V)m 

V • u 


Abstract 


An — V • (nx(c)Vc), 
Ac-nf{c), 

Au + VP + nV$, 

0 , 


(*) 


( 0 . 1 ) 


is considered under boundary conditions of homogeneous Neumann type for n and c, and Dirichlet 
type for u, in a bounded convex domain O C with smooth boundary, where $ € and x 

and / are sufficiently smooth given functions generalizing the prototypes y = const, and /(s) = s 
for s > 0. 

It is known that for all suitably regular initial data no,co and uq satisfying 0 ^ ng > 0, cq > 0 
and V • uq = 0, a corresponding initial-boundary value problem admits at least one global weak 
solution which can be obtained as the pointwise limit of a sequence of solutions to appropriately 
regularized problems. The present paper shows that after some relaxation time, this solution enjoys 
further regularity properties and thereby complies with the concept of eventual energy solutions 
which is newly introduced here, and which inter aha requires that two quasi-dissipative inequalities 
are ultimately satisfied. 

Moreover, it is shown that actually for any such eventual energy solution (n, c, it) there exists a 
waiting time Tq G (0, oo) with the property that (n, c, it) is smooth in x [Tq, oo), and that 


n(x, t) —>■ rto, c{x,t) ^ 0 and u{x,t) ^ 0 


hold as t —>■ oo, uniformly with respect to a; G C. 

This resembles a classical result on the three-dimensional Navier-Stokes system, asserting eventual 
smoothness of arbitrary weak solutions thereof which additionally fulfill the associated natural en¬ 
ergy inequality. In consequence, our results inter aha indicate that under the considered boundary 
conditions, the possibly destabilizing action of chemotactic cross-diffusion in (*) does not substan¬ 
tially affect the regularity properties of the fluid flow at least on large time scales. 
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1 Introduction 


Chemotaxis and blow-up. When primitive microorganisms interact with their environment, 
their individually unstructured behavior may switch to quite complicated dynamics at macroscopic 
levels. Prototypical situations include spontaneous formation of aggregates such as in slime mold 
formation processes e.g. of Dictyostelium discoideum, organization of cell positioning during embryonic 
development, or also the invasion of tumors into healthy tissue. An important role in numerous 
structure-generating processes is known to be played by various types of biased cell movement in 
response to external cues such as chemical signal substances, mechanical stimuli, or gradients in voltage 
or acidic concentration, for instance. Such taxis mechanisms have been thoroughly studied in various 
contexts, also at a theoretical level, with the celebrated Keller-Segel system of chemotaxis consituting 
the apparently most paradigmatic representative in the held of macroscopic mathematical models ( [19] ; 
see also m for a comprehensive survey on modeling aspects). Indeed, intense analysis on the latter has 
conhrmed the conjecture that spontaneous formation of aggregates, in the extreme mathematical sense 
of hnite-time blow-up of solutions, may arise even in the simple two-component framework containing 
a population of cells moving chemotactically upward gradients of a signal substance, provided that 
the system reinforces itself in that cells produce the chemical in question (US], m, i2S], [25]). 


Chemotaxis-fluid interaction. In the case of even more primitive organisms, chemotactically 
moving toward a nutrient which they consume rather than produce, the correspondingly modihed 
chemotaxis system possesses global bounded smooth solutions in the spatially two-dimensional setting, 
whereas in the three-dimensional counterpart at least global weak solutions can be constructed which 
eventually become smooth and bounded ([29]). On the other hand, more recent findings indicate that 
also populations of such simple individuals may exhibit quite colorful collective behavior: As suggested 
by striking experiments revealing spontaneous formation of plume-like aggregates in populations of 
Bacillus subtilis suspended in sessile water drops, in such situations it may be necessary to take into 
account the mutual interaction of cells and their movement on the one hand, and of the surrounding 
medium on the other. Accordingly, the modeling approach in [8] and [32] in particular assumes that 
besides chemotactic movement, signal consumption and transport of both cells and signal through the 
fluid, there is a significant buoyancy-driven effect of cells on the fluid dynamics. One is thereby led to 
considering the coupled chemotaxis-Navier-Stokes system 


nt + u ■ Vn 
ct + u ■'Vc 
ut + {u ■ V)u 


An — V • (nx(c)Vc), 
Ac-n/(c), 

An -|- VP + nV'h, 

0 , 


X G n, t > 0, 
X G n, t > 0, 
X G n, t > 0, 
X G n, t > 0, 


( 1 . 2 ) 


for the unknown (n, c, n, P) in the physical domain 11 C M^, where the chemotactic sensitivity y, the 
signal consumption rate / and the gravitational potential $ are given parameter functions. 

From a viewpoint of mathematical analysis, this system couples the well-known obstacles from the 
theory of the Navier-Stokes equations to the typical difficulties arising in the study of chemotaxis 
systems. Up to now, in the case A = 3 it is not only unknown whether the incompressible Navier- 
Stokes equations possess global smooth solutions for arbitrarily large smooth initial data (e.g. under 
Dirichlet boundary conditions in bounded domains, cf. [23] or also [33] and [26]); also the chemotaxis- 
only subsystem of (ll.2|l obtained on letting u = 0 is far from understood in this framework, with no 
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answer available yet e.g. to the question whether the global weak solutions, known to exist for any 
reasonably regular initial data in a corresponding Neumann-type initial-boundary value problem in 
bounded convex domains, may blow up in finite time before becoming ultimately smooth ([29]). 

Accordingly, the knowledge on such coupled chemotaxis-fluid systems is at a rather early stage yet, with 
most previous works focusing on the basic issues of global solvability in various functional frameworks. 
For instance, global existence of uniquely determined smooth solutions is known for an initial-boundary 
value problem associated with the two-dimensional version of dLl, under structural assumptions on 
the parameter functions x / which are mild enough so as to include the prototypical choices 

X = const. and /(s) = s, s > 0, (1.3) 

and for all reasonably smooth initial data f|35]l. 

In the context of three-dimensional frameworks, large bodies of the existing literature address vari¬ 
ants of ()1.2I) involving diverse types of regularizing modifications. For the chemotaxis-Stokes system 
obtained from ()1.2I) on neglecting the convective term (u ■ V)u in the fluid evolution, global existence 
results have been derived for the Cauchy problem in under certain additional requirements on x 
and / and a smallness assumption e.g. on c (i), and also for a corresponding boundary-value prob¬ 
lem without any such further restrictions (|35j). Even in this simplified setting, all these solutions 
constructed so far are merely weak solutions, with widely unknown boundedness and regularity prop¬ 
erties which in fact might be poor so as to be consistent with several conceivable types of blow-up 
phenomena, for example of finite-time blow up of n with respect to the norm in L°°(n) (cf. also H) 
for a detailed discussion of extensibility criteria for local-in-time smooth solutions). 

As an additional regularizing mechanism, numerous works study the enhancement of cell diffusion 
at large densities, modeled by replacing An with the porous medium-type diffusion term An™ for 
m > 1. Under mild assumptions on x and /, the corresponding three-dimensional chemotaxis-Stokes 
system then again admits global weak solutions whenever m > 1(110]; cf. also 121] for a precedent); 
in the case when moreover m > | and 12 is a bounded convex domain in M^, the first component 
n of such a solution is in fact locally bounded in 12 x [0,oo) f |31jl. and if even m > |, then in the 
latter situation n actually remains bounded in all of 12 x (0,oo) ([38])- In the case m > |, global 
existence of ~ possibly unbounded - weak solutions has been established in [33] even for the associated 
full chemotaxis-Navier-Stokes system; results on global existence and boundedness in two-dimensional 
chemotaxis-fluid systems with nonlinear cell diffusion can be found in m, [Ml and m- Examples of 
further regularizations, as discussed in the literature with regard to global weak solvability, consist in 
considering saturation effects in the cross-diffusive term at large cell densities (|3]), or also including 
logistic-type cell proliferation and death f [33]b 

Solvability and asymptotics in the three-dimensional chemotaxis-Navier-Stokes system. 

Concerning the full three-dimensional chemotaxis-Navier-Stokes system (II. 2p with linear cell diffusion, 
the question of global solvability is apparently more delicate, and accordingly the first result in this 
direction resorted to the construction of global solutions to a corresponding Cauchy problem in 
which emenate from initial data suitably close to one of the constant equilibria (a, 0,0) for a > 0 (|9]). 
As for general ~ and, in particular, large - initial data, in view of the limited knowledge on global 
regularity in the Navier-Stokes subsystem of (II. 2p only weak solutions can currently be expected. A 
result optimal in this respect has recently been achieved in [39], where it has been shown that under 
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the assumptions (ll.7p and (jl.Sp below, for any initial data fulfilling (ll.6p the problem (II.2p possesses 
at least one global weak solution. 

Concerning the large time behavior of solutions, only very few seems known even in simplified situa¬ 
tions: Except for some results on convergence of solutions satisfying certain smallness conditions 
0), the only statememts we are aware of which cover arbitrarily large initial data in (|1.2I) address its 
two-dimensional version in bounded convex domains in which any solution approaches the constant 
state (no, 0,0) in the large time limit at an exponential rate, where no := Jq no > 0 ([37], [lQ|). 
In the three-dimensional counterpart, a similar stabilization result so far could be obtained only for 
the chemotaxis-Stokes variant in which additional regularity is enforced by the presence of porous 
medium-type cell diffusion l|38jh 

Main results: Eventual smoothness and stabilization. The objective of the present work 
is to undertake a further step toward a qualitative understanding of the chemotaxis-fluid interaction 
modeled in (II.2p . especially with regard to possible effects of the chemotaxis-driven forcing on the fluid 
motion, and of the latter on the distribution of cells. Our main results in this direction will reveal 
that any such mutual influence will in fact disappear asymptotically in that the large time behavior 
of solutions is essentially governed by the decoupled chemotaxis-only and Navier-Stokes subsystems 
obtained on neglecting the components u and (n, c), respectively. In particular, as in the unforced 
Navier-Stokes equations ([34|), the fluid velocity u will become smooth eventually and decay uniformly 
in the large time limit; likewise, the couple (n, c) enjoys enjoys a similar ultimate smoothness property 
and approaches the spatially homogeneous limit (no, 0) associated with the respective mass level, thus 
resembling the behavior in the associated fluid-free chemotaxis system ([29]). 

In order to make this more precise, let us consider (II.2p in a bounded convex domain 12 C with 
smooth boundary, along with the initial conditions 


n{x,0) = no{x), c{x,0) = co{x) and u{x,0) = uo{x), x G 12, (1.4) 


and under the boundary conditions 

dn dc 

— = — = 0 and u = 0 
on on 

Here we shall require that 


on 512. 


(1.5) 


no G LlogL(12) is nonnegative with no ^ 0, that 
< Co G L°°(12) is nonnegative and such that y/co G 1E^’^(12), and that (1.6) 

^ uo G L2(12), 

where as usual, LlogL(12) denotes the Orlicz space corresponding to the Young function [0, oo) 3 z 
zln{l + z), and where for p > 1, by Lct(12) := {ip G L^’(12;M^) | V • (/? = 0} we abbreviate the space of 
all solenoidal vector helds in LP(12). 

Throughout this paper, the chemotactic sensitivity y, the signal consumption rate / in (|1.2I) and the 
gravitational potential <I> are assumed to be such that 

{ X G (^^([O, oo)) is positive on [0, oo), 

/ G C^([0,oo)) is positive on (0,oo) with /(O) = 0, that (1-7) 

$ E lTi’°°(12), 
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and that the structural requirements 

>0, (^0 <0 and (x •/)" > 0 on[0,oo) (1.8) 

are fulfilled, noting that the latter hypotheses are mild enough so as to allow e.g. for the choices in 

m- 

Within this framework, in view of the unsolved uniqueness problem for the Navier-Stokes equations 
we cannot expect weak solutions of (|1.2I1 to be unique; accordingly, it seems desirable to derive results 
on qualitative behavior which are independent of a particular construction of solutions. Inspired by 
analogues from the analysis of the Navier-Stokes system, we shall thus consider rather arbitrary weak 
solutions enjoying certain additional properties which are essentially linked to strutural features of 
(na). Here besides the natural energy inequality (11.111) associated with the Navier-Stokes system, 
singling out the so-called turbulent solutions among all weak solutions of the latter, a central role will 
be played by a second energy-like functional which for given k > 0 is defined by 

Ff^[n,c,u]-.= [ nlnn+]- f ^^|Vc|^-kK [ \u\‘^ (1.9) 

Jn ^ Jn JF) Jn 

whenever n G LlogL(H) and c G are nonnegative and such that fg|Vc|2 G and 

u G L2(0;M3) ([39]). 

We now select a subclass of weak solutions to (jl.2p as follows. 


Definition 1.1 Suppose that (n,c,u) is a global weak solution of in the sense of Definition \2.1\ 
below. Then we call (n, c, u) an eventual energy solution of il.Sfl if there exists T > 0 such that 


n G X [r,oo))nLL([r,oo);Wi’2(H)) with G Ll^i[T,ooy,W^’^{n)), 

c G X [T, oo)) with & Lf^^{[T,oo);W^’‘^{Q.)) and (1-10) 

u G L-([r,oo);L2(o))nLL([T,oo); Wo'’2(H)), 


if 


i [ iu(-,t)p + r / ivu|2 < i / iu(,to)p + r / 

^ Jq Jto Jq, ^ JQj JIq Jq. 


/to 

and if there exist k > 0 and K > 0 such that 

|2 


nu ■ V$ for a.e. tQ > T and all t > to, 

( 1 . 11 ) 


±F^[n,c,u]{t) + 1 ^ ^ + iVnpj <K m P'((r,oo)). (1.12) 

Remark. The regularity assumptions in (ll.lOp warrant that ^^3 and |Vup belong to 

X (T, 00 )), and that moreover (T, 00 ) 3 t /^[n,c,u](t) G L\^^{{T,oo)) (cf. Lemma f7.ip . 
implying that ()1.12p indeed is meaningful. 


It has been shown in [39] that under the assumptions (11.71) and (HID, for any initial data fulfilling 
(|1.6p the problem (11.2p possesses at least one global weak solution in the natural sense specified in 
Definition 12.11 below. The first of our results asserts that this solution actually enjoys all the above 
properties of an eventual energy solution; we shall thereby prove the following. 
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Theorem 1.2 Let fjl. 7| j and hold, and assume that no,co and uq comply with lll.6\) . Then there 
exists at least one eventual energy solution of 


We can secondly prove that in fact any such eventual energy solution becomes smooth ultimately, and 
that it approaches the unique spatially homogeneous steady state compatible with the preserved total 
mass no > 0. 


Theorem 1.3 Let {1.1) and hl.^) hold, and suppose that (n,c,u) is an eventual energy solution 
of 1)1. with some initial data no,co and uq satisfying 1)1.6]) . Then there exist T > 0 and P G 
X [T, oo)) such that 

n G X [r,oo)), 

c G X [T, oo)) and (1-13) 

u G X [r,oo) 


and such that {n,c,u,P) solves the boundary value problem in il.S\) classically in Ll x [T,oo). Fur¬ 
thermore, 


n{-,t)^no in L°°{Ll), c(-,t)—)-0 in L°°{Ll) and u(-,t)—)-0 in L°°{Q) (1-14) 

as t ^ oo, where no := no- 

Theorem 1 1.31 may be interpreted as rigorously reflecting that despite the possibly disordering influence 
of the fluid, the signal consumption process in (ll.2p occurs in such a regular manner that ultimately 
even the gradients of the chemical become irrelevant with regard to their chemoattractive impact, and 
that in consequence the cell population homogenizes efficiently enough so as to let any substantial 
destabilizing effect on the fluid vanish asymptotically. This may become substantially different in 
situations when different types of boundary conditions are considered, possibly accounting for signal 
influx, or when signal absorption is replaced with mechanisms of signal production by cells, as recently 
proposed and studied in contexts involving fluid interaction in [20], m], m and [28] . 

Main ideas. Organization of the paper. The overall strategy pursued in the course of our 
reasoning consists in showing that firstly the solution component c must decay with respect to the norm 
in L°°(Ll) as t —)• oo, and that secondly appropriate smallness of this component in L°°(Ll x (Tq, oo)) 
for some Tq > 0 entails smoothness of {n,c,u) in x (Ti,oo) for some Ti > Tq. 

The first of these properties will be a consequence of some basic dissipative features of ()1.2p combined 
with suitable uniform-in-time regularity estimates implied by the energy inequality (|1.12l) (Sections [3] 
and [4]). In accomplishing the second of the mentioned steps, we will generalize a related procedure 
pursued in m for smooth solutions of the two-dimensional version of ()1.2p , where a similar conclusion 
was derived on the basis of the observation that for any given p > 2 the functional acts as 

an entropy, provided that 5 = 5{p) is suitably small and c remains below the threshold 5 throughout 
evolution. Since in the present case we intend to address arbitrary eventual energy solutions, the 
lack of a priori knowledge on regularity properties beyond those listed in Definition 11.11 will require 
the use of a substantially more subtle testing technique to track the time evolution of functionals 
of the above type, simultaneously involving the first two equations in (|1.2p . Moreover, this limited 
information on regularity will force us to hrstly restrict our key statement in this direction, presented 
in the extensive Lemma EU to functionals of the form 'ip{n)p{c) with convex if and p subject to 
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technical assumptions which inter alia require that 'ip{n) does not increase faster than ns as n —>■ oo; 
only in a second step we will see in Section [6] by means of an approximation argument that actually 
any algebraic growth of iIj can be achieved. 

In Section [7] we shall infer from the correspondingly gained entropy-dissipation inequalities that n 
stabilizes in a sense yet weaker than claimed in Theorem 11.31 but strong enough to assert a decay 
property of the forcing term in the Navier-Stokes system in (ll.2p which is sufficient to imply decay 
of u with respect to the norm in L^{Q) for any finite p > 1 (Lemma 17.5p . The eventual integrability 
property of u thereby implied will enable us to perform a series of arguments based on maximal Sobolev 
regularity in the Stokes evolution system and inhomogeneous linear heat equations to successively 
obtain further ultimate regularity properties of u, c and n which by standard Schauder theory imply 
eventual smoothness fLemma l7.6L Lemma 17.1^ . This improved knowledge on regularity thereupon 
allows for turning the weak decay information previously gathered into the desired uniform convergence 
statements and thereby complete the proof of Theorem 11.31 in Section [8l 

Finally, in proving Theorem 11.21 in Section 0 we shall make use of the fact that our arguments in 
Section [3] through Section [6] are formulated in a manner slightly more general than used in the mere 
analysis of eventual energy solutions, namely simultaneously covering also all of the solutions to the 
approximate systems (|9.4p . uniformly with respect to the regularization parameter e G (0,1). Since 
an appropriate sequence of such solutions is known to approach a weak solution of (II.2p satisfying 
(jl.lip and (I1.12jl for Tq := 0, the additional properties thereby obtained assert that this limit in fact 
is an eventual energy solution. 

Throughout the paper, we let A := —VA denote the Stokes operator which for any p G (l,oo) is 
sectorial in when considered with domain D{A) = D{Ap) = IT^’P(n) n ITQ^’^(n) n La{0.), 

and hence generates the analytic Stokes semigroup Here, by V we mean the associated 

Helmholtz projection mapping L^{Vt) onto La{Q) (cf. [12], [13], [TT]). 


2 Weak solutions 


The following notion of weak solutions to (II.2p is taken from [39]. Here and in the sequel, for vectors 
u G and rc G we let u (8)rc denote the matrix (aij)ij 6 {i, 2 , 3 } S defined on setting := ViWj 
for i,j G {1,2,3}. 

Definition 2.1 By a global weak solution of (f i..}] ), 11.51) we mean a triple {n,c,u) of functions 

n G LU[0,oo);1T1’1(L!)), c G LU[0, oo); 1T1’1(L!)), u G LL([0, oo); M^)), (2.1) 

sueh that n > 0 and c > 0 a.e. in x (0, oo), 

and 

( 2 . 2 ) 

that V • M = 0 a.e. in id x (0, oo), and that 


nf{c) G X [0, oo)), u (g) u G x [0, oo); 

nxic)Vc,nu and cu belong to ^ [0)Oo);lR^), 


/*oo r p POO r poo p poo p 

/ / ncft— / ?T' 0 <(’(', 0) = — / / Vn-V(f)+ / / nx(c)Vc • V(/> + / / nu-Vf) (2.3) 

Jo Jn Jn Jo Jn Jo Jn Jo Jn 
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for all (j) G X [0, oo)) 


POO r p POO p POO p POO p 

- c4>t- co4>{-,0) = - Vc-V4>- / nf{c)(j) + cu-V(p 

Jo Jn Jn Jo Jn Jo Jn Jo Jn 

for all (f G C^{Q x [0, oo)) as well as 


(2.4) 


POO P P 

/ u- (ft- Uq- </>(-, 0) 
Jo Jn Jn 


pCG r roo roo r 

/ / Vu-V(f+ / u®u-V(j)+ / / nV^-(j) (2.5) 

lo Jn Jo Jo Jn 


for all (f G X [0, oo);M'^) satisfying V • (/> = 0. 


The above solution concept meets the basic natural requirement that solutions preserve mass during 
evolution. 


Lemma 2.2 Suppose that (n, c, u) is a global weak solution of 
with 



for a.e. t > 0. 


Then n G L°°((0, oo); L^(n)) 

( 2 . 6 ) 


Proof. Let to > 0 be a Lebesgue point of (0, oo) 3 t f^n{x,t)dx. 
approximate 

f 1 if t < to, 


Cs{t) : = 


—t 
(5 ’ 


0 


t G (to, to + (5), 
if t > to + 5, 


For 6 G (0,1) we then 


(2.7) 


by taking any sequence (OjOjeN C C'°°([0,oo)) fulfilling Qj = 1 in [0, to), Csj = 0 in (to + l,oo) and 
Csj ^ Cs in VF^’°°((0, to + 1)) as j -3 oo. For each 6 G (0,1) and j G N, we may then use (f{x, t) := Csjit), 
(x,t) G 0 X [0,oo), as a test function in (|2.3I) . In the correspondingly obtained identity 


/■to+i 

J to 


Csj{t)n{x,t)dxdt = / nQ{x)dx, 


we first let j —>• oo to obtain 


1 

h 


rto+S r j- 

/ / n{x,t)dxdt = / 

J to J Jo. 


no{x)dx, 


for all 6 G (0,1), whereupon we take 5 0 to infer from the assumed Lebesgue point property of to 

that n(-,tQ) = hq. Since the complement in (0, oo) of the set of all such to has measure zero, this 
proves ()2.6I) . □ 


3 A family of chemotaxis problems with prescribed convection 

From [39] we already know that (|1.2p possesses a global weak solution, and that this solution can be 
obtained as the limit of smooth solutions to certain regularized problems (cf. ()9.4p and Lemma 19.21 
below). Verifying Theorem II.21 thus amounts to showing that these approximate solutions in fact enjoy 
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further regularity features which ensure that the limit in fact will be an eventual energy solution. In 
view of the circumstance that also Theorem Ol requires proving regularity, to avoid repetitions we 
find it convenient to organize our line of arguments in such a way that in the first part of our analysis 
we consider a generalized variant of the first two equations in (11.211 which includes both the original 
version appearing in (|1.2I) and also the regularized subsystem thereof considered later in Section [UJ 

Moreover, in order to underline that several asymptotic solution properties, including decay of the 
component c, are widely independent of the particular structure of the fluid flow, let us in this and 
the following sections consider the boundary value problem 

rit + u-Vn = An — V ■ {nF'{n)xic)'V c), xGil, t > Tq, 

< ct + u-Vc = Ac — F{n)f{c), x € fl, t > Tq, (3-1) 

. W ~ ^ ~ ^1 ® ^ ^ ^ ^0) 

where u £ oo); L^(n)) n oo); Wg^’^(n)) is a given function, and where 

F G C^([0, oo)) is such that F{0) = 0 and 0 < F'{s) < 1 for all s > 0 (3-2) 

as well as 

F{s) > - for all s G [0,1]. (3-3) 

For proving Theorem ll.3l it would be sufficient to concentrate throughout on the case F(s) '■= s, s > 0; 
in the proof of Theorem ll.2l however, we will apply some of the results obtained for (13.ip upon choosing 
F{s) := F^{s) := ^ ln(l + es) for s > 0 and e G (0,1), which is as well consistent with (j3.2p and (13.3h 
(see Section EP. 

We shall study (13.ip in the framework of solutions fulfilling the regularity requirements in Definition 

o 


Definition 3.1 Let Tq > 0 and u G L^^((To, oo); L^(D)) n L^^q^((To, oo); VFq^’^(D)), and suppose that 
F satisfies Then a couple {n,c) of nonnegative functions defined a.e. in Q x (To,oo) will be 

called a strong solution of the boundary value problem \3.1\) in Ll x (To,oo) if 


n G Lf^fiiTQ, oo); L\Q)) n x {Tq, oo)) n LU{TQ,ooy,W^’\n)) and 

c G L-(D X (To, oo)) n TL((To, oo); W1-4(D)), 


and if 


roo r POO p POO p poo p 

/ / nfit = — / / Vn-V^T / / nF'{n)x{c)Vc ■ V(j) — / / u-Vncj) 

J Tq J ^ J Tq </ J Tq J Q. J Tq J 


as well as 


POO P POO P 

/ ccPt = - I I Vc 

J To J H 


/ Tq */ H j Tq j H 

hold for all G ^“(D x (To,oo)). 


POO P 

Vfi- / F{n)f{c)cf 

J Tq j H 


u ■ Vc( 


'To J£l 


(3.4) 


(3.5) 


(3.6) 
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The following lemma inter alia asserts that under the assumptions in (|3.4p the integral identities (|3.5p 
and (13.6p are indeed meaningful, and beyond this it provides some further regularity properties of the 
sources, fluxes and transport terms therein. These properties will become essential in the proof of 
Lemma 15.11 

Lemma 3.2 Let Tq > 0, u G L“^((To, oo); L^(n)) n L‘f^^{{To,oo);WQ’‘^(Ll)) and F be such that Ig.gj) 
holds. 

i) If n and c are nonnegative and satisfy then 

nF'{n)x{c)Vc G x (Tq, oo)), u-Vn€ x (Tq, oo)), 

F{n)f{c) G Lfoc(^ ^ (^0,00)) and u-Vc£ Llf^{Ll x (To,oo)). 


In particular, all integrals in and (EH are well-defined. 

ii) If (n, c) is a strong solution of fS. 1\) inUx (Tq, oo), then the identity hd.5\) is actually valid for any 
(f> G X (To, oo)) which has compact support in Ll x (Tq, oo), and for which Vf G if [Q, x (Tq, oo)) 

4 

and ft G X (To,oo)). 

in) Whenever (n, c) is a strong solution of US. 1\) in Ll x (TojOo), the equation iS.6\) continues to hold 
for any f G L~g (fl x (Tq, oo)) with Vf G x (Tq, oo)) and ft G L^{Ll x (Tq, oo)), for which suppc/) 

is a compact subset of Q x (To,oo). 
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Proof. i) In view of Lemma ri0.2l the regularity hypotheses on u entail that u G x (Tq, oo)). 

Since \ + \ ^ and ^ + ^ = | as well as ^ | and since n G Lf^^{Q x (TojOo)), c G 

L^ci^ X (TojOo)) and Vc G Lf^^{Q x (TojOo)) again by Definition 13.11 several applications of the 
Holder inequality and (13.2p readily yield the claimed integrability properties. 

ii) and iii) In view of i), both statements can immediately be obtained upon performing standard 
approximation procedures. □ 

The proof of the next lemma on a basic dissipative property of the second equation in (13.11) follows a 
testing procedure which is well-established in the context of related parabolic problems in their weak 
formulation m). relying on the convexity of [0, oo) 3 s for p > 1. As we are not aware of a 

reference precisely covering the present situation, let us include the main arguments for completeness. 
Upon slight modihcation, the argument can be adapted so as to extend the result to any p > 1; for 
simplicity in presentation, however, we restrict ourselves to the cases p = 1 and p > 2 relevant below, 
using that then 0 < s belongs to C‘^{[0, oo)). 

For the following proof, as well as for the reasoning in Lemma [5.11 let us separately introduce a variant 
of the cut-off function in (j2.7jl defined by 


Cs{t) ■■= 


' 0 

t-tn+S 

S 

1 

ti+S—t 

5 


for given to G M, > to and 5 > 0. 


ii t < to — 6 OT t > ti S, 
if t G (to - (5, to), 
if t G [to,ti], 
if t G (ti,ti -I- 6), 


(3.8) 
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Lemma 3.3 Let Tq > 0 and u G L^^{{Tq,oo)] L‘^{LL)) n L‘j^^{{TQ,oo);WQ'‘^ {Lt)) and F be such that 
k3.2\) holds, and suppose that {n,c) is a strong solution of 113.1\) in Q x (To,oo). Then for each 
p G {1} U [2,oo) there exists a null set N{p) C (TojOo) such that 

[ cPi-,t)+p{p-l) [ [ (f~‘^\Vc\‘^ +p [ [ F{n)f{c)<f~^ < [ (f{-,to) 

J J Tq </ £7 J Tq </ £1 </ £7 

for all tQ G (TojOo) \ N{p) and any t G (io,oo) \ N{p). (3.9) 


Proof. For p > 1, we let N{p) C (Tq, oo) denote the complement of the set of all Lebesgue points 
of (To, oo) 3 t i-j’ cP(-,t), and in order to prove the inequality in p.9p for all to G (Tq, oo) \ N(p) and 
t = ti G {to,oo)\ N{p), given any such to and we let Q denote the cut-off function defined in ()3.8I) 
for 6 G (0, 5o) with 6o := min{l, to — Po}- Then according to Lemmahib for all h G (0, So — h) we 
may apply (13. 6p to 4>{x,t) := (sit) ■ Sh[c^~^]{x,t), {x,t) G O x {To,oo), with p G {1} U [2,oo) and the 
Steklov average operator Sh being defined in (Ilf). ID . This leads to the identity 


Ii{S,h) + l2{S,h)+l3{6,h) := - 




^Jtn-sJn ^ Jti Jn 

cP~^{x,t + h) — cP~^{x,t) 


'to — 

Pi+i 


rn+^ r 

/ / C 5 {t)c{x,t)- 

J To J £^ 


/To 
rii+1 


h 


dxdt 


/ / C 5 {t)^c{x,t)-VSh[(?~^]{x,t)dxdt 

J Tq j £1 

rti+l r 

/ / C 5 {t)F{n{x,t))f{c{x,t))Sh[(f'~^]{x,t)dxdt 

J Tq j £1 

ptl + 1 r 

J I Cs{t)mx,t) ■Vc)Sh[<f~^]{x,t)dxdt 


I To Jfl 

= : Ii{5,h)+l5{S,h)+hiS,h) 


(3.10) 


for all 6 G (0,(5o) and h G (0, ho ~ <^)! in which we observe that since {p — l)c^~‘^ is bounded in both 
cases p = 1 and p > 2, it follows from the definition of Sh, the inclusion Vc G L‘j^^{Tl x (To,oo)) and 
Lemma 110.11 that 


= {p- l)Sh[cP-^yc] ^{p- lY-^Vc in x (Tq, oo)) as h \ 0. 


Since Lemma [10.11 also warrants that Sh[c^ c/’ ^ in Lil^{Q x (To,oo)) as h \ 0, and since the 

required regularity properties of n and c along with (j3.2p readily ensure that F{n)f{c) G Lf^JQ x 
20 _ 20 _ 

(TojOo)) C L^fJO. X (TojOo)) and also u ■ Vc G x (ro,oo)), in (|3.10p we obtain 


p£l + i p pti-\-L p 

I^{5,h) + h{5,h)+IoiS,h) -3 -ip-1) C5{t)cP-^\Vc\^- Qs{t)F{n)cP-^f{c) 

J Tq j Q. j Tq j £1 

ptx+1 p 

- Cs{ty-^u-Vc (3.11) 

J Tq j £1 
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as h'\0, and likewise 


I f^o r 1 fti+o f 

Ii{ 6 ,h) + l 2 { 6 ,h) ^ + as/i\0. 

0 Jto-S Jn 0 Jq 


rti+5 


(3.12) 


As for the third integral on the left of (I3.10p . we estimate using Young’s inequality to find upon a 
substitution that 


/3 > - 


1 


- f [ Q{t)d’{x,t)dxdt + - - [ [ Q{t)d'{x,t + h)dxdt 

P Jtq Jn P Jtq Jn 


h \PJT0 
+ — [ [ Cs{t)<f{x,t)dxdt 

d Jto Jn 

p-l f Cs{t) - (sit - h) 

n 




(f{x, t)dxdt 


P Jto Jn h 

for all 6 G (0, 5o) and h G (0, 6o — 6), so that by the dominated convergence theorem we conclude that 


P 


liminf /a (5, h) > 

^\o p Jt^ 

as h'\0. Since u is solenoidal and hence 
rii+l 


- / Csitv r [ 

Jto Jn po Jto-5 Jn 


_ 1 /-io r jj_i fti+s 

‘ cP - - _ - / cP 

to—s Jn P^ Jti 


(3.13) 


[ Cs{t)cP ■Vc= [ [ Cs{t)u -Vc^ = 0, 

Jn P Jto Jn 


iTo 


combining (I3.1UI) - (|3.13|) and rearranging shows that 


1 fti+S r fh+i f fh+i f 1 fto 

- / cP + (p - 1) / / C5(i)cP-2|Vc|2 + / / Cs{t)F{n)d>-^f{c) <- 

po Jti Jn Jto Jn Jto Jn po Jto-s 


for all 6 G (0,(5o). Since ^5 = 1 in thanks to the assumed Lebesgue point properties of to and 

ti this readily yields the desired inequality for such to and ti on taking 5 \ 0. □ 

Evaluating (|3.9I) for p = I and p = 2 as well as in the limit case p —)• oo we obtain the following 
consequence which provides some first, still quite weak, information on decay of c, at least under the 
assumption that n, and hence F{n) by (13.3p . remains positive in an appropriate sense. 

Corollary 3.4 Let To > 0 and u G Lf^^{[To, oo); L'^{Ll)) n L^q^([To, oo); lyQ^’^(ft)) and F be such that 
LJ. g|) holds, and suppose that {n,c) is a strong solution of LJ. 1\) in Ll x (ro,oo). Then 



F(n)f(c) < ess liminf 
^ - t\To 



(3.14) 


and 



iVcP < ess liminf — 
t\To 2 



and there exists a null set N C (TojOo) such that 


(3.15) 


c(-,i)llL->(Q) < l|c(-,to)||Lcx>(f^) for all to G (TojOo) \ N and any t G (to,oo) \ N. (3.16) 
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Proof. The inequalities in (I3.14p and ()3.15l) immediately result from applying Lemma [3.3l to p := 1 
and p := 2, respectively. We next invoke Lemma 13.31 for pj := j for j S N to obtain null sets N{pj) 
with the properties listed there. For the null set N := N{pj) C (To,oo) we thus obtain that 

I|c(‘T)IIlPj (o) ^ l|c(-, to)\\]^Pj (Q) whenever j G N as well as to £ [^Oj oo)\N and t G {to, oo)\N, because 
F and / are both nonnegative. Taking j —)• oo here shows that ||c(-, < ||c(-, to)||L°°(n) for any 

such to and t, which yields (j3.16p . □ 


4 A doubly uniform decay property of solutions to (l3.1l) 


In this section we shall make sure that any solution (re, c) of (13.11) satishes c{-,t) —)• 0 in L°°{i}) as 
t —)• oo, which will be a fundamental ingredient for our later regularity arguments. Since apart from 
considering any fixed eventual energy solution of (jl.2p we wish to address the entire family of solutions 
to the approximate problems (19.4p for e G (0,1), our plan will be to make sure that this convergence 
is actually uniform with respect to the choice of the considered solution, as well as of u and F, in an 
appropriate sense. In order to make this more precise, let us introduce the following notation. 

Definition 4.1 Given m > 0,M >0,L>0 and To > 0, we let 




(4.1) 


denote the set of all triples {n,c,F) of functions re : 12 x (To,oo) —)• M, c : x (0, oo) —)• M and 
F : [0, oo) —^ R such that F satisfies and and that for some u G L“^((ro, oo); L^(n)) (b 

L‘foff{To,oo)-,WQ'‘^{^)), the pair {n,c) is a strong solution of 113.1\} in Q x (To,oo) satisfying 


/ n{-,t) = m and ||c(-,t)||j;^oo(Q) < M for a.e. t > Tq 

Jn 


as well as 


rt+l 

Jt 


|Vre|^ 


+ |Vc|^}<L for all t> To 


(4.2) 


(4.3) 


In ^ n 

In this framework, an adequate interpretation of (13.141) and (13.151) in Corollary 13. 4l vields the following. 


Lemma 4.2 Let m > 0,M > 0,L > 0 and To > 0. Then the set Sm,M,L,To (EZP property 

that 


rt+l 


sup inf / 

{n,C,F)eSrn,M,L,To ^^i^oTo+r] Jt 


J |F(re)/(c) + |Vc|^| —0 as T ^ oo. (4.4) 


Proof. In order to verify (j4.4l) we let <5 > 0 be given and pick any integer k fulfilling k > ^, where 
Cl := M\Ll\ + ^ . "We claim that then for each {n,c,F) G Sm,,M,L,To we have 

rt+l 


inf / 

tG[To,To+/c] Jf 


F{n)f{c) + |Vc|2} < 5. 
To see this, given any such (n,c} we first apply Corollary 13.41 to obtain 

POO r r 

/ / F(re)/(c) < essliminf / c{-,t)<M\Lt\ 

Jto Jn Jfi 


(4.5) 
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and 


/To 


[ iVcP < essliminf - [ < 


Af2|0| 


whence for h{t) := |Vc(-,f)p, t > Tq, we obtain 

roo 

/ h{t)dt < Cl 
Jto 

by definition of Ci. 

Now if (j4.5p was false, then (j4.6p would imply that 


(4.6) 


Cl > 


pTo+k fe fTo+j 

/ h{t)dt = / h{t)dt > = k6. 

'To ~^i JTo+j-i ^ 


which is absurd in view of our choice of k. As (n, c, F) S Sm,M,L,To and 5 > 0 were arbitrary, this 
establishes (OP . □ 

Now a crucial point appears to consist in deriving more substantial decay properties from this without 
any further knowledge on possible lower bounds for n beyond the weak information that its mass 
f^n remains constantly positive by definition of Sm,M,L,To- In order to prepare a first step in this 
direction, we state an elementary observation which will below be related to a lower estimate for the 
first integral appearing in (14.4p . 

Lemma 4.3 Assume that F satisfies 113. and i3.3\} . Then for all m > 0 and B > each nonne¬ 
gative ip G fulfilling 


I 

Jn 


ip = m and 


I 

Jn 


ip^ <B 


has the property that 




(4.7) 

(4.8) 


Proof. As i? > y, the number Ci := y ^ satisfies Ci > 1, so that combining (j3.3p with 
shows that 


F{s) > min II, || 


> 


2Ci 


for all s G [0, Ci]. 


Hence, given any nonnegatve ip G fulfilling (|4.7P . we have 

[ F{ip) > [ Fiip) >^ [ T- (4.9) 

Jn JW<Ci} J{ip<Ci} 

In order to further estimate the latter integral, we use the Holder inequality and (14.7p to obtain 


'W>Ci} 


T < 




1 

3\ 3 


{ 7 / > Cl} 


< i?3 • 


> Cl} 
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so that since \{ip > Ci}\ < ^ hy the Chebyshev inequality, we conclude that 




if = m 


'W>Ci} 


> m — ■ {(/?> Cl} 


1 / TTl 

> m — ■ I — ]'" = m — B^ ■ 

VCi 



m 


Therefore, (14.8p results from (14.91) . □ 

By means of appropriate interpolation making use of the regularity property (14.3p jointly shared by 
all elements of Sm,M,L,To, we can thereby turn Lemma 14.21 into a statement on decay of /(c) which is 
uniform with respect to functions from this set. 


Lemma 4.4 Let m>0,M>0,L>0 and Tq > 0. Then 


sup 

in,C,F)GSm,M,L,TQ 


inf 

SC(To,To+r) 

is measurable with |S|>^ 

and diamS<l 


s Jn 


f{c{x,t))dxdt^0 as T ^ oo, 


where Sm,M,L,To is as defined in 


Proof. We need to show that for each hxed m, M, L and Tq, given 5 > 0 we can find r > 0 with 
the property that for any (n, c, F) G Sm,M,L,To there exists a measurable set S C (Tq, Tq + r) such that 
|5| > ^ and diamS < 1 as well as 


f{c{x, t))dxdt < 6. 


s Jn 


(4.10) 


In order to prepare our definition of r, let us first make use of the embedding IT^’^(n) ^ L^{Q), 
which in conjunction with the Poincare inequality yields Ci > 0 and C 2 > 0 such that 


Mle^n) < + Ci||(^||i.(^) for all G (4.11) 

and 

\\T-nB(n)<C2\\VT\\LHn) for all (4.12) 

where again we have set Tp := for p G L^(r2). Next, the Gagliardo-Nirenberg inequality provides 
C 3 > 0 fulfilling 


< f^ 3 ||V^||i 2 (o)||<^||i 2 (^) + C 3 ||v;||i.(^) for all G (4.13) 


Finally abbreviating C 4 := \\f'\\L^({o,M)), 
can hnd some small 5o > 0 such that 



and C 5 := 


128 R’ 


given (5 > 0 we 


(4.14) 


and 


C2C4IOI 


(4.15) 
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Then Lemma 14.21 savs that there exists r > 0 such that 


rt+l 


sup inf / 

(n,C,F)<=Sm,M,L,To Jt 


^{F(n)/(c) + |Vc|2} <5o. 


Thus, if we now pick any (n, c, F) G Sm,M,L,To, then we can pick to £ [^o, Tq + r] such that 

rto+l I- rto+1 r 

/ / F(n)/(c) < (5o and / / |Vcp < Jq- 

JtoJo, J tn J Q 


'to 

With this number to fixed henceforth, we observe that 

IIVn 2 b-till^^.^sdt = ^ 


rio+1 j 

/ l|Vn2(-,t)||^2(f^)(it 

J tQ 


1 f |Vn|2 ^ L 


/io ^ 


(4.16) 


(4.17) 


by definition of Sm,M,L,To, so that using (14.111) we obtain 




'to 


^to+i 1 

{■,t)\\LHn)dt = / ||n2(-,t)||i6(f^)dt 

Jto 

rio +1 j 

< Cl \\Vm{-,t)\\l2^ii^dt + Ci 

J tn 




'to 




because 


< + Cim 

bI 

'Y’ 


l^^(•)0llL2(o) = J n{-,t) = m for a.e. t > To 


(4.18) 


again due to the definition of Sm,M,L,To- The measurable set 

5 := |t G (to,to + 1) ||n(-,t)||i 3 (n) < Sij 

therefore satisfies [S'! > ^ by the Chebyshev inequality, and in view of our definition of C 5 we infer 
from Lemma 14.31 that 

f F{n{x,t))dx > C 5 for all t G S'. (4.19) 

Jn 

For the proof of (|4.1Up . we now decompose the first integral in (|4.16l) according to 


fio+l 


/to 


/ F{n)f{c) = f f F{n{x,t)) ■ \f{c{x,t)) - f{c{-,t))\dxdt 
Jvt J to J Q. ^ ^ 

rto +1 r _ 

+ / / F{n{x,t)) ■ f{c{-,t))dxdt, 

t/ tn t/ 17 
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where by (|4.19p 


rio+i 


r-to+l 


'to 


f F{n{x,t)) ■ f{c{-,t))dxdt = I /(c(-,t)) 

t/ Q ^ tQ 


/a 


F{n{x, t))dx \dt 


> / f{c{;t)) 

Js 


F{n{x, t))dx \dt 


[ f{c{-,t))dt 
Js 


> C 5 


Hence, for the integral in question we obtain the inequality 

ji. r^o+i 

f{c{x,t))dxdt < ^ / 

>s Jn ^5 Jto 


f{c{x,t))dxdt < /" [ F{n)f{c) 

^5 Jto Jfl 

• {/(c(x,t)) - f{c{-,t))^dxdt, 


in which thanks to ()4.16l) and ()4.14p . 


^5 Jto Jn ^5 ^ 


I to 

Moreover, invoking the Holder inequality we can estimate 

| 0 | 


CI 5 


'to 


< 


< 


• {f{cix,t)) - f{c{-,t))'^dxdt 

|n| 


C 5 

C 5 


^0 


F{n{;t)) 


r-to+l 


fto 


F{n{-,t)) 


L-^in) 
2 


/(c(-,i)) - /(c(-,i)) 

to + l 


L 6 ( 0 ) 


dt 


Ls(n) 


dt 


rK 

Jto 


/(c(-,i)) - /(c(-,t)) 


L6(C2) 


dt 


- f{c{-,t)) 


L 6 (Q) 


where as a consequence of (I4.12p and our choice of C 4 we have 

< cl V/(c(-,t)) ^ 

= C| [ r(c(.,t))|Vc(-,t)|2 

Jn 

< C'|C|||Vc(-,t)||| 2 (f^) for a.e. t G (to,to + 1), 


(4.20) 


(4.21) 


(4.22) 


(4.23) 


because c< M a.e. in fl x (To, 00 ) by definition of Sm,M,L,To- 

As for the factor in (I4.22P containing n, we use (I4.13P and the fact that F{n) < n by (13.2p to see that 


T(n(-,t)) 


L5(0) 
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= C 3 mi IIVn^(-,i) 11^2(5^) + Csm^ for a.e. i G (io, io + 1), (4.24) 

again due to (|4.18p . 

In summary, from (j4.22p . (I4.23P and (j4.24p we obtain upon employing the Cauchy-Schwarz inequality 
that 


• {f{c{x,t)) - f{c{-,t))'^dxdt 

IQI f 3 /"io+i , 1 ^ f r^o+i I 2 

< U.jcgm^y^ ||Vnn-,t)||i2(^)dt + C3mn ' {Clcj \\Vci;t)\\l2^n)dt> 

- ' (/ +<^3771^1 •|c|C'|^ ||Vc(-,t)||| 2 (Q)dt 

so that (j4.17p . (I4.16P and then p4.15p become applicable so as to warrant that 

• {/(c(x,t)) - /(c(-,t))}dxdt 

< • {C3mi • ^ + C^Y • {c|C|5o}^ 

(5 


Combined with (I4.2ip and p4.20p . this shows (14.101) and thereby completes the proof. □ 

Once more relying on the regularity features in (14.3p . we can show that the above convergence of /(c) 
does not only take place in L^(n) but actually even in L°°(Q). 

Lemma 4.5 Let m > 0,M > 0, L > 0 and Tq > 0. Then 


sup 

{n,C,F)€Sm,M,L,To 


inf 

Sc(To,To+t) 

S is measurable with |S|>| 

and diamS<l 


[ Wfici; 

Js 


L°°{n) 0 as T 


oo. 


Proof. Fixing m > 0,M >0,L>0 and Tq > 0, we need to make sure that for each 5 > 0 there 
exists T > 0 such that given any (n, c, F) € Sm,M,L,To we can find a measurable S C (Tq, Tq + r) such 
that l^l > ^ and diamS < 1 as well as 

[ \\fici-,t))\\L^in)dt<S. (4.25) 

•j s 
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For this purpose, we first use that VF^’^(r2) L°^{Q) to interpolate by means of the Gagliardo- 

Nirenberg inequality to find Ci > 0 fulfilling 


< <^i||V(/9||«(f^)||v7|l2i(o) + <^111^^11^1(^2) for all ip £ (4.26) 

and abbreviate C 2 '■= ||/^||l°°((o,m))- Then for arbitrary h > 0 we can pick ho > 0 small enough 


satisfying 

r 




Clho < - 


(4.27) 

and 

CiCpL^d^ < 

6 

2 ’ 

(4.28) 

and apply Lemma 14.41 to obtain r > 0 such that 




sup inf 

{n,C,F)£Sm,M,L,To SC{To,To+t) 

S is measurable with |S|>| 

and diamS<l 

/ / f{c{x,t))dxdt<5o. 

Js Jn 



This means that if we fix (n,c, F) S Sm,M,L,Toj then we can find a measurable S C (TqjTo + r) such 
that [S'! > ^jdiamS < 1 and 

[ f f{c{x,t))dxdt < 5q. (4.29) 

Js Jn 

This entails that if we estimate the integral under consideration by using (j4.26|) according to 

[ ll/(c(-,t))||i 

Js 


+ 1 12 J_ F^O + 1 

\L^in)dt<C, / ||V/(c(-,t))||f4(^)||/(c(-,t))||2i(f,)dt + Ci / ||/(c(-,t))||ii(o)dT 

Jto Jto 

(4.30) 

then the rightmost term herein satisfies 


r^'\\f{c{;t))hi^n)dt<Ci6o<^- 


(4.31) 


/to 


in view of (I4.27p . As the inclusion {n,c,F) G Sm,M,L,To ensures that c< M a.e. in 12 x (TojOo) and 
hence 


l|V/(c(-,t))||^ 4 (f^) = ^/''^(c(-,t))|Vc(-,t)|^ < |Vc(-,t)|'^ for a.e. t 


>To 


by definition of C 2 , two applications of the Holder inequality to the first integral on the right of (I4.30p 
yield 


/■io+l 12 J_ 

Cl / I|v/(c(-,t))|i2i(^)||/(c(-,f))|i2!(^)dt 

j to 

3 10 

f rio + l I 13 f fto + t- J_ 'I 13 
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< Cl 


rto+1 

Jto 




\\Vf{c{;t))\\U^)dt 

rio+i 


fio+l 


/to 


\\f{c{-,t))\\LHn)dt 


/ / ivcr 

Jto jft 


rto+l 


/to 


\\f{c{-,t))\\L\n)dt 


Since J^\Vc\^ < L hy definition of Sm,M,L,To^ (|4.29l) and (|4.28l) guarantee that 


/ to+l 12 j_ r 1 J- 

||V/(c(-,t))||«(ii)||/(c(-,t))||^i(^)dt < Cl • [ClLy^ 

which in conjunction with (I4.3ip and (|4.3Up establishes (|4.25p . □ 

Now thanks to the assumed positivity of / on (0,oo), and in view of the downward monotonicity of 
t ^ ||c(-,t)|| 1,00 ( 11 ) asserted by Corollary 13.41 the latter implies the following doubly uniform decay 
property of (13.11) which constitutes the main result of this section. 


Lemma 4.6 Let m > 0,M > 0, L > 0 and Tq > 0. Then 


sup l|c||Lcx>(fix(t,oo)) ^0 ast^oo. (4.32) 

in,C,F)&Sm,M,L,TQ 

Proof. We fix m > 0, M > 0, L > 0 and To > 0 and note that proving (I4.32p amounts to showing 
that for each 5 > 0 we can find to > Tq such that whenever (n, c, F) G Sm,M,L,To-, we have 

l|c(-,t)||L°o(o) < 5 for a.e. t > to- (4.33) 

To verify this, we may assume that 6 < M and then observe that since / is continuous and positive 
on ( 0 ,oo), the number 


(5o := min|/(s) sG[(5, M]| 

is well-defined and positive. An application of Lemma 14.51 thus yields r > 0 with the property that 

[ \\fic{; 

Js 


sup inf 

{n,c,F)£Sm,M,L,TQ Sc(Tq,To+t) Js 

S is measurable with |5|>i 

and diamS<l 


L°°(0) < “T- 


4 


(4.34) 


In order to show that the desired conclusion holds for to := Tq + t, we now fix (n, c, F) G Sm,M,L,To and 
then obtain from (I4.34h that there exists a measurable set S C (To,To-|-r) such that IS"! > ^,diamS < 1 
and 


||/(c(-,t))||l,cx=(fl) < 


5o 


Since 


5o 


{tGs\ ||/(c(-,t))|koo(ii) ><5o} 


Js 
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by the Chebyshev inequality, this guarantees that 


So := {t G 5 


ll/(c(-,i))llL°°(f7) < 


satishes IS'ol > |5| — | Moreover, the definition of Jq ensures that for each t G 5o we necessarily 
have c(-,t) < 6 a.e. in O, that is, 


||c(-,ti)|| 2 ,oc(f 7 ) < (5 for all ti G So- (4.35) 

We now invoke Corollary 13.41 to find a null set N C (ro,oo) such that ||c(-, t)|| 2 ,oo(o) < ||c(-, ti)||L°°(Q) 
for all ti G (To, oo) \ N and each t G (ti, oo) \ N. Since jiSo \ W| > 4, we may thus pick an arbitrary 
ti ^ So \ N and apply (j4.35l) to infer that 

l|c(-,t)||Lcx>(n) < ||c(-,ti)||Loo(Q) < 6 for all t G (ti,oo) \iV, 

which implies (14.331) due to the fact that the inclusion G 5o C S' C (To, To + r) along with our choice 
of to warrants that < to- D 


5 Dissipation in (l3.1l) implied by uniform smallness of c 


Our next goal is to make sure that as soon as c becomes suitably small, solutions to ()3.ip enjoy further 
regularity properties. This will arise as a consequence of the following lemma which provides a weak 
formulation of a corresponding differential inequality which can formally be obtained on computing 

for certain convex functions and p, and which at this heuristic level can be seen to yield an entropy- 
type inequality under the structural assumption (j5.5p below which is satisfied e.g. for the couple 


:= s > 0, 


and 


Pi(^) 


1 

(2?7 — cj)® ’ 


a G [0,2r/), 


(5.1) 


for any fixed p > 1 and 9 G (0, ^^), provided that p = r]{p, 0) > 0 is appropriately small (cf. also [371 
Lemma 5.1] for a similar reasoning for classical solutions in a related problem). In view of our weak 
assumptions on regularity of solutions, our rigorous justification of the respective integrated version, 
in its overall strategy inspired by the testing procedure presented in [T] , will require certain additional 
restrictions on the growth of V' with respect to n, which at this stage substantially reduce the range 
of admissible p in (15.ip . but which in a later step can be removed upon an approximation argument 
so as to finally allow for any choice of p in Lemma 16.21 


Lemma 5.1 Assume \3.^) and i3.3\) . Let r? > 0, and suppose that V’ G oo)) and p G 2ri)) 

are such that 


with 


'tp{s) > 0, tp'is) > 0 and 'tp''{s) > 0 for all s > 0 (5.2) 

limsups5V'^^(s) < oo, (5.3) 

s—)-oo 
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that 


for all a € [0, 2r/), 


(5.4) 


p{a) > 0 , p'{cr) > 0 and p"{cr) > 0 

and that 

(s)p''^(a) + Xos‘^'f’''‘^{s)p‘^{o') < 2f}{s)'if"{s)p{a)p"{a) for all s > 0 and a G [ 0 , 77 ], (5.5) 

where xo ■= ||xlli,°°((o.»?))• 

Then ifT^ > 0 andu G Lf^^{{TQ,oo)] L‘^{Q,)) Cl L‘f^^{(TQ,oo)]WQ’‘^(Q,)), given any strong solution {n,c) 
of as. 1\) in Q X (To, 00 ) with the additional property that 

l|c||L°o(Qx(ro,oo)) < (5-6) 

one can find a null set N C (To,oo) such that 

f ip{n{-it))p{c{-,t))+ 1- f f V’"(n)p(c)|Vnp < f f;{-,to))p{-,to)) for each to £ {To,oo)\N 
Jq ^ JtQ Jvt Jvt 

and all t G {to, 00 ) \ N. (5.7) 


Proof. In order to collect some regularity properties needed in the course of our testing procedure, 
we first observe that as a consequence of (15.31) . we can hnd Ci > 0 such that 

'if"{s) < Ci(s + 1)~5 for all s > 0, (5.8) 


whence there exist C 2 > 0 and Ca > 0 such that 

fj'is) < 02(3 + 1) 5 and 'ip{s) < Csls + 1)5 for all s > 0. (5.9) 

Since our hypotheses imply that p G C'^([0, ry]), we can moreover fix positive constants 0/^,0^ and Cq 
such that 

p{a) < C 4 , p'icr) < C 5 and p"{cr) < Co for all a G [0,p]- (5.10) 

We claim that these inequalities ensure that if (n, c) has the assumed strong solution property and 
additionally satisfies (15.6j) . then 

^P’{n)p{c) G lL(^ X (To,oo)) nTL((7^o,oo); Wi’2(0)) (5.11) 

and 

(V'(n-ft)p'(c)) C Lil^{n X (To, 00)) with 

20 

'if{n_h)p'{c) 'ip{n)p'{c) in x (To,oo)) as h \ 0 (5.12) 

as well as 

rv(V'(n_fe)p (c))^ C Tf„^(il X (To,oo)) with 

V ^ ^ / he(o,i) 

v(^fj{n_h)p\cj^ ^'^(ff’in)p'{cj^ in Liljn X (To,oo)) as h \ 0, (5.13) 
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where for /i S ( 0 , 1 ) we have set 


n_h{x,t) := 


n{x, t — h), {x,t) £ Cl X (To + h, oo), 

0, (x, t') £ Cl X (Tq, Tq + h\. 


To this end, we first note that since by Young’s inequality we obtain as a particular consequence of 
- (jS.lUl) and (|5.6|) that 

|' 0 '(n)/ 9 (c)|^ < C'|C'|(n + 1 )“^ innx(To,oo) 


and 


V 


(^V’'(n)/9(c)) 


< 

< 


|V'"(n)p(c)|Vn| + 'ijj'{n)p{c)\Vc\'j 

{CiCi\Vn\+C2C5in + l)l\Vc\y 


< 2CfCi|Vnr + 2CiCiin + 1)^ + 2QC||Vcl^ in 12 x (Tq, oo), 

(jS.llI) results upon recalling that (n + 1)^, |Vnp and iVc]'^ and hence clearly also {n + l)~ belong to 
^loci^ X (To,oo)) according to Definition 13.11 Moreover, since (j5.9p warrants that 

20 22 

i/j's (n) < Cg® (n + 1)^ in 11 X (Tq, oo), 

it follows from the fact that n £ Lf^^{Cl x (To,oo)) that 

20 

ipin^h) ^'4’{n) in Lil^{Cl X {To, oo)) ash\0, (5-14) 

and that hence in particular (15.121) holds due to the fact that p'{c) is bounded by (IS.lOp . Apart from 
this, (I5.14P also implies that in 


V 


n-h)p'{c)^ = 'ip'{n-h)p{c)Vn-h + 'ip{n-h)p” {c)Vc, 


(5.15) 


we have ^ 

'ii^{n-h)p"{c)Vc ^'il){n)p"{c)Vc in x (Tq, oo)) as /i \ 0, (5.16) 

because p"{c)Vc £ Lf^^{Cl x (0, oo)) according to (|5.1Up and the requirement Vc € ^ {To,oo)) 

in Definition 13.11 and because ^ + 3 = ^ < |• Since (15.9p combined with Young’s inequality shows 
that 


l'i/’^(n)Vn| 3 < C2 + 1 ) — ^2 + 1) + C2 |Vnp in 11 x (Tq, 00), 

it follows again from the inclusions n £ Lf^^{CLx{To, 00)) and Vn £ L‘f^^{Clx{To,oo)) that V'^(n_/i)Vn_/i —)• 

4 

'ijj'{n)Vn in Lf^JCl x (To,oo)) as h \ 0. Once more using the boundedness of p'{c), we thus obtain 
that 

il)'{n_h)p'{c)Vn_h 'ip'{n)p'{c)Vn in Lf^^{Cl x (To,oo)) as h \ 0, 
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which together with (I5.15P and ()5.16p proves ()5.13p . 

9 

Since (|5.9I) and (I5.10p furthermore ensure that '4^{n)p{c) < CsC 4 {n + 1)5 in ri x (To,oo), it is evident 
that ijj{n)p{c) belongs to x (To,oo)), so that we can pick a null set N C (To,oo) such that 

(To, 00 ) \ N exclusively contains Lebesgue points of (To,oo) 3 t f^^p{n{■,t))p{c{■,t)). We now fix 
to G (To, 00 ) \ N and ti G {to, 00 ) \ N, let Cs be as given by (I3.8p . and define 

ct){x,t) := Csit) ■ Sh[’ip'{n)p{c)]{x,t), x G O, t > To, 

for 6 G (0,5o) and h G (0, 60 —6) with 60 := min{l, }, where the averaging operator is as intro¬ 
duced in (110.11) . Then cj) has compact support in x (To,ti + (5], and since evidently VShiip'{n)p{c)] = 
Sh[^{ip' {n)p{c))], it follows from (15.111) that 4> G L^{Cl x (To, 00 )) H L^((To, 00 ); W^’^(n)). Computing 


Mx,t) = Cs{t) ■ Sh['il^'{n)p{c)]{x,t) + Cs{t) 


'ij}'{n{x, t + h))p{c{x, t + h)) — il)'{n{x, t))p{c{x, t)) 

h 


for a.e. x G and t > Tq, 

from (jS.lip we furthermore see that (f)t S T®(fl x (To, 00 )) C L3{Q x (To, 00 )), so that Lemma 13.21 iil 
guarantees that we may use (j) in (j3.5p to gain the identity 

/i((5, h) + l2{^, h) + h) 

pti +5 


2 r rto r 

- / n{x,t)Sh['ilj'{n)p{c)]{x,t)dxdt — - / / n{x,t)Sh[tp'{n)p{c)]{x,t)dxdt 

0 Jti Jn 

— j J Cs{t)'n{x,t)^'i/;'{n{x,t + h))p{c{x,t + h)) — ip'{n{x,t))p{c{x,t))'^dxdt 

J C( 5 (i)Vn(x, t) • S'/I v[^'{n)p{c'^ {x,t)dxdt 


'To 
r-ti+1 


+ J J C5{'t)n{x,t)F'{n{x,t))x{c{x,t))'Vc{x,t) ■ Sh v(^'{n)p{c)^ {x,t)dxdt 
- [ [ C5it)(u{x,t) ■Vn{x,t)]Sh['ip'in)p{c)]{x,t)dxdt 

J Tq j 


(5.17) 


Sh 

so that since both Vn and nF'{n)x{c)Vc belong to L‘f^c{Cl x (To, 00 )) by Definition 13.11 and Lemma 
[321 we obtain 


—: l4{5,h) + I^{5,h) + Io{5,h) 

for all (5 G (0, (5o) and h G (0, Jq — <5). Here thanks to (15.lip and Lemma ri0.il we have 
v('ilj'{n)p{c))] -3v('tjj'{n)p{c)) in Tf„^(H x (To, 00 )) as /i \ 0, 


and 


14 ( 5 ,/i) — )■ — y J Cs{t)'^n ■ V {n)p{c)J as/i \ 0 (5.18) 

h{S,h)^ J J C 5 {t)nF\n)x{c)Vc-v(^^'{n)p{cfj as/i \ 0. (5.19) 
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We next note that (jS.lip in light of Lemma 110.11 also warrants that 
ShW{n)p{c)] 'ilj'{n)p{c) in x (ro,oo)) 


as h \ 0 , 


which entails that 

rti+l r 

Ie{6,h) ^ — / / Cs{t)'ip'{n)p{c){u ■Vn) as/i \ 0, (5.20) 

J Tq J £1 

5 

because u ■ Vn € x (To,oo)) according to Lemma (3^ and that 

1 rti+& r I f 

Ii{ 6 ,h) + l 2 { 6 ,h) ^ T / / n'ip'{n)p{c) - - / / ntp'(n)p{c) 

Jti Jn 

=: I^{d) ash\0, (5.21) 

5 

for clearly also n lies in x (To,oo)). 

As for the remaining term 13 ( 6 , h) in (15.171) . we follow a well-known argument ([T]) in using the 
convexity of V' to firstly obtain the pointwise estimate 

'4){n{x, t)) — t — h)) < V'^(re(x, t)) ■ [n{x, t) — n{x, t — h)] for a.e. x £ Q and t G (Tq, ti -|- 1), 


which on integration implies that 

1 


J{ 6 , h) := 


h 

^ 1 


I To JU 

rh+l 

/To Jn 

r/i+1 


Cs{t) ■ \ 'il>{n{x, t)) — 'i/j{n{x, t — h)) > • p{c{x, t))dxdt 


(s{t)n{x, t)'ip'{n{x, t))p{c{x, t))dxdt 


1 /'O+r r 

T / / Csit)n{x,t — h)'4!'{n(x,t))p{c{x,t))dxdt 

^ Jto Jn 

/ Cs{t)n{x, t)'ip'{n{x, t))p{c{x, t))dxdt 

Jn 

rti+i r 

/ / C 5 (t “ h)n{x, t — h)'ip'{n{x, t))p{c{x, t))dxdt 

J Tn 'J n 


/To 

1 /-‘l+l 

h Jto 

1 


— f [ Cs{t — h)n{x,t — h)‘ip'{n{x,t))p{c{x,t))dxdt 


h 


'To Jn 


— [ I (s{t)'n{x,t — h)'ijj'{n{x,t))p{c{x,t))dxdt 

^ Jto Jn 


fti+i 
'To 

=: Ji{5,h) + J2{5,h) 

for all 6 G (0, 60 ) and h G (0, 60 — 6 ). Here the substitution s = t — h reveals that 

Ji{S,h) = h{ 6 ,h), 


(5.22) 

(5.23) 
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whereas with I^{6) as in (15.211) we have 

J 2 {S,h) = — f f — -^ 7 — ^ ■ n{x,t — h)'tp'{n{x,t))p{c{x,t))dxdt 

Jto Jn ““ 

rti+l p 

{n{x,t))p{c{x,t))dxdt 

J Tq J S7 

= I^{5) as/i\0 (5.24) 

because clearly A Q L°°((To,ti + 1)) and n_/j —)• n in x (To,oo)) as h \ 0, and 

once more because of (j5.11l) . 

On the other hand, again by substitution we can rewrite the expression on the left-hand side of (I5.22p 
according to 


1 /*il + l 

J{S, h) = - 


h 


'To 


/ Cs{t)ip{n{x,t))p(c{x,t))dxdt 

Jn 


/ / Cs{t + h)ip{n{x,t))p{c{x,t + h))dxdt 

Jtq Jn 


1 

h 

f (sit + h)- (sit) 

Jto Jn 

{ 1 


h 


■ V^(n(x, t))pic{x, t + h))dxdt 


h 


1 

h 


'To 

+1 


/ (sit)'ipinix,t))p{cix,t + h))dxdt 

Jn 


(sit)'J>{n{x, t))/9(c(x, t))dxdt 


'To Jn 

=: J'iid.h) + J^{6,h) 

for 5 € (0, 6o) and h G (0, 6o — 6), where arguing as above we see that 

rti+l p 

J 3 {d,h) - / (sit)'il^in{x,t))picix,t))dxdt 

J To J n 


/To 

1 

'6 


[ 'iJin)pic) + \ I [ 'iJin)pii 
■ Jn 0 Jti Jn 


:) as h\ 0. 


/ tQ—S J Q. ^ J t\ 

In summary, from (I5.17P and p5.1811 - ^5.25p we thus infer that for all 5 G (0, Jq), 


It J^(s{t)nF'{n)x{c)Vc-v(^'ilj'in)pic)^ 

rti+l p 

- / (sitWin)p{c){u-Vn) 

J To J n 


rii+1 
'To 

Ihmnf h) + hid, h) + hid, /i)| 


= +liminf Ji((5,h) 

h\0 


(5.25) 
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> 


{ 6 ) + h) — J2(5, /i)| 


= Ii^(5) + liminfJ(5,/i)-/-((^) 
h\0 

= liminf | J3(5, /i) + h)\ 

h\o I J 


/i\0 
1 

^ Jto-S 


[ 'il}(n)p{c) + \ [ [ 'ip{n)p{ 

Jn 0 Jti Jn 


c) + liminf JaIiJ, h) 
h\0 


(5.26) 


Now an estimate for J 4 ^(S, h) can be obtained by pursuing a variant of the above strategy: First, by 
convexity of p we see that 

/?(c(x, t + h)) — p{c{x, t)) < p'{c{x, t + h)) ■ [c(x, t + h) — c{x, t)] for a.e. x G and t G (Tq, ti + 1), 
and that hence 

= -ly j Cs{t)'ip{n{x,t)) ■ ^p{c{x,t + h)) - p{c{x,t))^dxdt 


> —— J J Cs{t)ijj{n{x,t)p'{c{x,t + h)) ■ ^c{x,t + h) — c{x,t)'^dxdt 

1 f 

T / Cs{t)c{x,t + h)'ip{n{x,t)p'{c{x,t + h))dxdt 

d Jto Jn 

I rti+l r 

+ — / / (sit — d)c{x,t)'ilj{n{x,t))p'{c{x,t + h))dxdt 

d Jto Jn 

I rti+l I- 

+ — / / (sit)c{x,t)'ijjinix,t))p’icix,t + d))dxdt 

d Jtq Jn 

■y f-ti+l r 

— — / / (sit — d)cix,t)'il)inix,t))p'icix,t + h))dxdt 

d Jto Jn 

-/■ 

d Jt, 

ru+i r 

iTn Jn 


'To 

1 /-‘i+l 

'To 

1 

'To 
r'l+l 

'To 

(sit — d)cix, t) ■ iipinix, t))p'icix, t + h)) — V’(u(x, t — /i))p'(c(x, t))\dxdt 

To Jn 

f Csit - d) - (sit) 


■ c(x, t)'ipinix, t))p'icix, t + d))dxdt 


=: J4i( 5, h) + JsaiS, d) for all 6 G (0, Jq) and d G (0, 5q — 6 ), 


(5.27) 


where we have substituted t by t — h in one of the integrals making up J4i(5, h). Here, arguing as 
above we infer that 


J. 


42 


rn + i r 

i6,d) / ('^it)cix,t)il)inix,t))p'icix,t))dxdt 

J To J n 

rti+& r Y r'o 

= “7 / / cV’(n)p'(c) + - / c'iljin)p'ic) 

0 Ju Jn 0 Jto-S 


=: L 2 ii 6 ) as h \ 0, 


(5.28) 
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and in order to gain appropriate information on h) through the PDE satisfied by c, we note that 

20 _ 

since Vc G ^ {^ 0 , 00 )) by assumption and ('0(n._/i)/9'(c))/jg(o,i) ^ {Tq,oo)) as well as 

(V('iA(n_ft)p'(c)))/,g(o,i) C X (To, 00 )) by (|5.12p and (I5.13p , for all 5 G (0, (5o) and h G (0, (5o - <5) 

we may invoke Lemma 13.21 iiii to use 

cj){x, t) := Csit - h) ■ Sh[tp{n-h)p'[c)]{x, t), x G O, t > Tq, 

as a test function in (13.6p . We thereby obtain the identity 

h{5,h) + h{5,h) + h{5,h) 

r 

/ c{x,t)Sh['tpin-h)p'{c)]{x,t)dxdt 

Jn 

/ c{x,t)Sh['ip{n_h)p'{c)]{x,t)dxdt 

: Jn 

[ [ Cs{t - h)c{x,t) ■ i'il;{n-h{x,t + h))p'{c{x,t + h)) - 'ilj{n_h{x,t))p'{c{x,t))\dxdt 

V(il!{n_fi)p'{c)) {x,t)dxdt 


rt\-\-S-\-h 

J ti-^h 

rto^h 

^ JtQ—5-\-h ■ 
1 + ^ 


h 

r^i+1 


/‘ti+i r 

/ / Cs{t - h)Vc{x,t) ■ Sh 

J Tq ’J O 


rti+l /* 

- / Cs{t - h)F{n{x,t))f{c{x,t))Sh[ilj{n-h)p'{c)]{x,t)dxdt 

J Tq j £1 

- / Cs{t - h){^x,t) ■Vc{x,t))Sh[>p{n-h)p'{c)]{x,t)dxdt 

J Tq j £1 

=: ii{d, h) + h) + Iq{ 6 , h) for all 6 G (0, do) and h G (0, 60 — (5), 
where evidently 

Io{ 6 ,h) = —J 4 i{ 6 ,h) for all 6 G (0,(5o) and h G (0,ho ~ <^)- 
We now use that (I5.12p and (|5.13l) along with Lemma 110.11 guarantee that 

20 

Sh[ii{n_h)p\c)] 'ilj{n)p'{c) in x (ro,oo)) 

and 


Sh 


V('il;{n_h)p'{c)) V(T/>(n)p'(c)) in Lf (0 x (Tq, 00 )) 


as /i \ 0, and that hence 


and 


liid, h) ^ — 

15 ( 6 , /i) —)■ — 


rii+i r 

'To Jn 

fti+i 


'To JQ 


Cs{t)Vc-V[i;{n)p{c 

[ Csit)F{n)f{c)ij{n)p'{c) 
Jn 


(5.29) 

(5.30) 

(5.31) 

(5.32) 

(5.33) 

(5.34) 
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as well as 


■h+i 


(5.35) 


h{S,h)^- I I Cs{t)'ii^in)p'ic){u-Vc) 

J Tq J r2 

as /i \ 0, because Vc G x (Tq, oo)), F{n)f{c) G Lj^JyQ. x (Tq, oo)) C x (Tq, oo)) and also 

u ■ Vc G X (To,oo)) according to Definition 13.11 and Lemma 13.21 

Next, on the left of (I5.29P we may combine (I5.3ip with the fact that the family {l(^ti+h,ti+5+h))h€{o,i) 

of indicator functions satisfies l(^ti+h,ti+s+h) ^ l(ti,ti+5) in L°°(M) as /i \ 0 to conclude, once more 
relying on the boundedness of c, that 


ii{5, h) + h{5-,h) 


1 

5 



c'ip{n)p'{c) 



cip{n)p'{c) 


as/i\0. 


(5.36) 


Collecting (j5.3np and (j5.33[) - (l5.36jl . from (j5.27p . (j5.28p and (I5.29p we all in all infer that 


liminf J4((5, h) > liminf 
h\0 h\0 


J4i((5, h) + J42((5, /i)|’ 


= liminf J4i((5,h)+/)^((5) 
h\0 

= liminf MS, h)j+1^(6) 

= lim {/i(5, h) + Ms, h)} + hm { - 74(5, h) - M^, h) - M^, 

= [ [ Cs{tMc-vU{n)p'{c)) + [ [ Cs{t)F{n)f{c)ip{n)p'{c) 

Jtq Jn ^ ^ Jtq Jn 

rtiMl r 

+ / / Cs{t)'ip{n)p'{c){u-Vc) for all (5 G (0,5o)- 

J Tq j S7 


Consequently, (|5.26l) implies that 


1 7*1+'^ f 1 

-/ Un)pic)-- 


Ctl+(5 

< - 


r^o 


'tQ—S -J Q 


'ipin)p{c) 


It +1 j^MMF\n)x{c)Vc-v{ij'{n)p{c)^ 


'To 
fil+l 


'To 

fil+l 


/ / C,s{tW{n)p{c){u-Vn)- ! [ (sit^c ■ VU{n)p'{c)) 

Jto Jn Jtq Jn ^ ^ 

/■il+l f 

/ / C5{t)F{n)f{c)'ilj{n)p’{ 

J Tq j Q 


C)-/ / C 5 (i)V’(n)/o'(c)(u-Vc) 

J Tq j Q 


(5.37) 


for all 5 G (0, (5o). Here since u is solenoidal, two integrations by parts show that 



Csit)ij'{n)p{c){u ■ Vn) 



Csit)'tpin)p'{c){u-Vc) 
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/To -/n 
r/i+1 


C 5 (i)/o(c)S-VV’(n) - / / • Vp(c) 

J To J n 


= 0 for all (5 G (0,5o)) 


whereas clearly 


fti+l r 

/ / Cs{t)F{n)f{c)i/j{n)p'{c)<0 for all 5 G (0, do). 

J To J r2 


Therefore, from (j5.37l) we infer that 

rti+5 f Y fto 

^ Jto-5 




f 

/ V’(n)p(c) 
Jn 


< - 


+ 


rii+l r 

I To Jn 

rti+1 r 

I To Jn 

rh+l 


'To 

/■ii+1 


/To ./n 
/■il+1 


/ ip{n)p{c) 

Jn 

C5(t)Vn-v(v^'(n)p(c)) 

Cs{t)nF'{n)x{c)Vc • V (^V’'Wp(c)) 

J C5(t)Vc-v(V’(n)/5'(c)) 

C5(t)^/’"(n)/9(c)|Vn|^ - / (c)V 

J To J ^ 


+ 


'To Jn 
/■il+l 


(s{t)nF'{n)'il;''{n)x{c)p{c)'Vn ■ Vc + 


rti+l 


'To ./ Q 


n • Vc 


C5(t)nF'(n)V’'(n)x(c)/3'(c)|Vc|' 


/To 

/■ti+i 

'To 

/■/i+i 


/To ./ n 
/■il+1 /■ 


r rti+r r 

/ C5(i)V’'Wp'(c)Vn-Vc- / / C5(i)V’(/i)/(c)|Vcp 

./ £1 JTq J D. 

f Cs{t)'il'"in)p{c)\Vn\‘^ 

Jn 

f Csit) ■ ^211;'(n)p (c) — nF'(n)V'"(n)x(c)/9(c)|Vn • Vc 

C5(t) • |V'(n)p"(c) - nF'(n)V’'Hx(c)/9'(c)||Vc|^ for all d G (0,do). (5.38) 


JTo Jn 

Here we can estimate the second integral on the right by means of Young’s inequality according to 
fil+l 

^ ^ ^ >Vn . Vc 

'To 

1 


Cs{t) ■ {2'0'(n)p'(c) - nF'(nX(n)x(c)p(c)}' 

/■il+1 r 

/ / a(t)V’"(n)|Vn|V(c) 

J To J £1 

|2V^'(n)p'(c) - reF'(reX(n)x(c)p(c)} 


/■ti+i /• 

/ / a(i) 

J To J £^ 


2'4)" {n) p{c) 


• |Vc|' 


(5.39) 
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for all S € (0,(5o). Now since F', if;', ip", Xj P and p' are all nonnegative, and since F'"^ < 1 on [0, oo) by 
(j3.2p and x^(c) < Xo a.e. in n x (To,oo) by (|5.6I) . the hypothesis (15.5p warrants that 


{n) p'{c) — nF'{n)'ijj"{n)x{c)p{c)'^ 


2'ip"{n)p{c) 


{V’(n)/(c) - nF'(n)V''(n)x(c)p'(c)| 


2'ijj" (n) p{c) 


|4'0'^(n)/9'^(c) — 4nF'{n)'ip'{n)il}''{n)x{c)p{c)p'{c) + n^F'^(n)V'^'^(n)x^(c)p^(c)| 
-i^2'il;{n)'ip"{n)p{c)p"{c) + 2nF'(n)V’^(n)V’^'(n)x(c)/?(c)/?'(c)| > 


= 2'ijj''{n)p{c) ' + n^F'^{'n)'ilj''^{'n)x^{c)p'^{c) 

—2'ip{n)i{j"{n)p{c)p"{c) — 2nF'(n)V’^(n)V'^'(n)x(c)p(c)p'(c)| 

< 2ilj''{n)p{c) ' + n‘^i'"^{n)xlp‘^{c) - 2V’(n)V’"(n)p(c)p"(c)| 

< 0 a.e. in 12 X (To,oo). 

Inserting ()5.39p into (I5.38jl . we thus infer that 




ptl +5 


[ V'(n)p(c) + i [ [ C5(iX(n)p(c)|Vn 

Jn ^ Jto Jn 

-if f V’(?^)p(c) for all 5 e (0,(5o), 
0 Jto-5 Jn 


(5.40) 


where the Lebesgue point properties of to and ti ensure that 

2 f'o f f 1 

'to —SJn Jn ^ Jt\ 


[ il){n)p{c)^ f 'ip{n{-,to))p{c{-,to)) and ^ / f 'ilj{n)p{c) ^ f t/>(n(-,ti))p(c(-,ti)) 

Jn Jn 0 Jq Jq 


as /t \ 0. Again since 'll:" is nonnegative, using that also C (5 ^ 0 and that ^<5 = 1 in (^O; ^i) we thereby 
obtain from (j5.4Up that indeed (15.71) is valid. □ 


6 Estimates implied by Lemma 15.1 

Our application of Lemma 15.11 will be prepared by the following statement which partly explains 
the particular approximation of [0, oo) e->• to be pursued in Lemma 16.21 It may be worthwhile 
mentioning here that for given p > 2 it seems impossible to adjust g < p in such a way that for small 
(5 > 0, the alternative and apparently more straightforward choice ijisis) := is admissible in 

Lemma l5.ll We therefore employ a certain integrated variant thereof, with its precise form and some 
of its properties described as follows. 
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Lemma 6.1 For p > 2, g S (0,p — 1) and 5 G (0,1), we let 


iljsis) :=p 

Jo 


s ^p-1 


■da, s > 0 . 


l + 6ai 

Then ■0^ > 0, V ’5 > 0 and > 0 on (0, 00 ), and for all s > 0 we have 

'f’sis) yF fiP and ipsi^) P{P ~ as 6 \0. 

Moreover, 

'll/? (s') p 

< - for all s > 0 

and 


'^s{s)'ips{s) p-q-1 


'tpsis) 

and for each fixed (5 G (0,1) we have 


< p{p — 1 ) for all s > 0 , 


-p+«+2^.»(,) ^ pip- 1-0 

5 


as s —>■ 00 . 


Proof. We first note that 


{1 + 5s‘^)ijs{s) = p [ 
Jo 


1 + 5s« 
1 + 5(79 


• a^ ^da >p a^ ^da = for all s > 0 , 


( 6 . 1 ) 

( 6 . 2 ) 

(6.3) 

(6.4) 

(6.5) 


so that 


Next, computing 


gP 

ifsis) > -F— for all s > 0 . 

^ ^ ^ “ 1 + Ssi 


^s(s) = 


ps- 


p-i 


l + 6si 


and ip'f (s) = p 


{p — l)s^ + {p — q — l)5s^’+9 2 
(1 + 5s9)2 


for s > 0 , using that g < p — 1 we see that ifs, f’s and V ’5 indeed are all positive on ( 0 , 00 ). 
Furthermore, combining (j6.7p with (j 6 . 6 p shows that 


^?{s) 

'ipsisWsi^) 


< 


< 


Tpfis) l + 5 s 9 

fs ('S) 

p2g2p-2 ^ _j_ ^gq 

(1 + 539)2 ■ p(p- l)sP-2 + (p _ g _ l'^SgP+q-2 ^ 


l + 5s9 

^ p—l + {p — q — 1 ) 5 s 9 

1 + 5 s 9 p 

p — q — l + {p — q — l)5s9 p — q — 1 


for all s > 0 , 


( 6 . 6 ) 


(6.7) 
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because (? > 0, and that similarly 


'ips{s) 




l + Ss'i 
sP 


2 [p— l)sP ‘^ + {p — q — l)5sP+'? ^ 1 + 5s'i 


= p- 
< p 


(1 + 5siy 

p—l + {p — q — l)(5s'^ 

1 + 5s<} 

p — 1 + {p — l)(5s'^ 


sP 


l + 5si 


= p{p — 1) for all s > 0. 


Finally, (16.51) and the second statement in (16.211 are evident from (16.7p . whereas the first claim in (|6.2I) 
results from Beppo Levi’s theorem. □ 

Along with the originally intended choice (j5.ip of p, making use of these functions in Lemma 15.11 
allows us to deduce an entropy-type inequality under a smallness assumption on c. For simplicity in 
presentation, we conhne ourselves to proving the inequality (j6.9p which actually slightly differs from an 
inequality indicating genuine decrease of the functional nP in that it involves a factor 2 on its right, 
but the boundedness and dissipation properties thereby implied will be sufficient for our purpose. 


Lemma 6.2 For allp >2 there exists p > 0 with the following property: Whenever Tq >0,F satisfies 
iS. g|) and u G L^Q^((ro, oo); Wg^’^(n)) (h L^^((To, oo); L^(f2)), for any strong solution (n, c) of iS. 1\) in 
X (To,oo) fulfilling 

l|c||i,o°(ox(ro,oo)) < V (6.8) 

there exists a null set N{p) C (To,oo) such that 

[ nP{-,t) + ^^^ [ [ nP~^\Vn\‘^ - f ^^('>^ 0 ) for all to £ {To,oo) \ N{p) 

JQ, ^ JIq JQ, Jo. 

and each t G {to, 00 ) \ N{p). (6.9) 

Proof. Given p >2, we first choose 6 G (0,1) small enough such that 

5p0 


9 + 1 


< 1 


and then fix a small number p G (0,1) satisfying 

Ap{p - l)xW 

9(9 + 1) 


< 1, 


( 6 . 10 ) 


( 6 . 11 ) 


where xi •= IIxIIl°°((o,i))- With any fixed sequence F (0,1) satisfying 6j \ 0 as j —)• 00 , we 

now let 'ips be as defined in Lemma IGTI with <? := p — I, that is, we let 


i^sis) ■■=p 

Jo 


* aP-^ 

- ^da for s > 0, 

0 l + 5aP-5 
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and moreover we set 

P(o') := for 0 -G [0,2r/). (6.12) 

Then > 0, > 0 and > 0 on (0,oo) by Lemma l6.11 whereas computing 

= (2ry -ay+^ forf7€[0,2ry) (6.13) 

we see that also p > 0, p' > 0 and p" > 0 throughout [0, 2r/). 

By means of (j6.3p and (I6.13p . we now estimate 

. 5p p^\a) 

i’5{sWl{s)p{a)p"{a) - 4 p{a)p”{a) 

9^{2p - a)-2®-2 
{2p — a)~^ ■ 6{9 + l){2p — 

5p9 

9Ti 

< 1 for all s > 0 and a G [0, 2p) (6.14) 


thanks to (I6.10p . while (16.41) in conjunction with ^6.121) and (I6.13P shows that 


xls^f{s)pHa) 


xf 

s^^'s'(s) 

P{<^) 

'^s{sWs{s)p{(T)p"{a) 


ips(s) 

p"(cj) 


< 

xf 

■p(p- 1 ) • 

{2p - af 

9{9 + l) 


< 

xl 

• P(P - 1 ) • 

4r/^ 


9{9 + l) 


< 

1 

for all s 

> 0 and a G [0, 2p) 


(6.15) 


according to p6.1ip . Since p < 1 entails that yi > xo ■= ||x||L°°((o,r;))) combining p6.14p with (I6.15jl 
ensures that 


4V'?(s)/o'^(o') + Xos‘^'ip'p{s)p‘^{cr) < 2il}s{s)il}'s{s)p{a)p''{a) for all s > 0 and a G [0, 2p). 

As furthermore our choice of q guarantees that limsupg_j,oo s^ip'^^s) = || is finite for each 6 G 
Lemma 15.11 becomes applicable so as to assert that whenever Tq > 0 and u, n and c have the assumed 
properties, for any 6 G (5j)jgN we can find a null set Ns C (Tq, oo) such that 

[ '^ 5 {n{-,t))p{c{-,t)) + ^ [ j il)'s{n)p{c)\Vn\^ < [ V’5(n(-,to))/5(c(-,to)) 

Jn ^ Jto Jn Jn 

for all to S (Tq, oo) \ Ns and t G (to, oo) \ Ns- (6.16) 


Here as 0 < c < p a.e. in H x (To,oo), recalling (I6.12p we can estimate 


1 




a.e. in H X (Tq, oo). 
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so that since the countable union U(5 g( 5 ) gs -^<5 measure zero, it follows from (I6.16P that with some 
null set N = N{p) C {Tq,oo) we have 

^ ' (2^/ ^V’ 5 (n)|Vnp < for alHo e (^b, oo) \ iV 

and t € (to, oo) \ N 

and any 5 G (hj)jgH- Now since from Lemma lOTT] we know that ipsis) and tp^is) —)■ p{p — 1)5^“^ 
as h = 6j \j 0, we may invoke the monotone convergence theorem and Fatou’s lemma to conclude 
that indeed 



for all t G (To, oo) \ N and t G (to, co) \ N, because 6 < I entails that 2^ < 2. □ 


Indeed, the above lemma entails the following boundedness properties, uniform with respect to func¬ 
tions in 5m, 77 ,L,To, provided that rj > 0 is small. We note that since this result will be applied to finitely 
many p only, the dependence of rj and the number r therein on p will actually be irrelevant in the 
sequel. 

Lemma 6.3 Let p > 2. Then there exist r] > 0 and r > 0 with the property that for all m > 
0 and L > 0 one can find C{m,L) > 0 such that if Tq > 0, if F complies with if u G 

LfociiTotOo); lyQ^’^(n)) n L“^((To, oo); T^(H)), and if (n, c) is a strong solution of i3.1\) in Llx (To, oo) 
with 

l|c||T°°(nx(To,oo)) < 3 

as well as 

rTo+l r |y^|2 

/To Jn n 

then 

n^{-,t) < C{m, L) for a.e. t > To + T 


h(-)/)llLi(o) < w- for all t> To 


and 


< T, 


/ 


(6.17) 

(6.18) 

(6.19) 


and 


POO P 

/ / < C(m,T). 

J Tq+t Jft 


( 6 . 20 ) 


Proof. We hrst observe that since IF^’^(fl) L^{Ll), (16.1811 implies that for some Ci > 0 we have 

|2 


/ 

JTo 


T)+l rTo+l ^ 

n{-,t)\\Lfin)dt = /_ ||n2(-,/)||^6(f^)dt 


>To 


< Cl 


rTo+i 


JTo 

^ /-T+i 

4 Jto 


|Vn2(.,t)||^2(^) + I|n2(-,t)||^2(f^) \dt 

/!Zd!+c,r'"7„ 

In ^ Jto Jn 


< ^L + Cim. 
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In view of a recursive argument, to prove the lemma it is thus sufficient to show that for each p > 2 
there exists rj > 0 such that for any choice of m > 0 and B > 0 we can fix C' 2 (m, B) > 0 such that 
if for some Ti > 0 and some u G L;^q^((Ti, oo); r\ L’^^{{Ti,oo)] L‘^{Q,)) we are given a strong 

solution (n,c) of (|3.1I) in fl x (Ti,oo) fulfilling ||c||/,oo(f2x(Ti,cx))) ^ V 

\\n{-,t)\\Li(n) < m for a.e. t > Ti (6.21) 


as well as 


then 


and 


as well as 



n{-,t)\\LP{n)dt < B, 


I 

Jn 


< C2{m,B) 


for a.e. t > Ti + 1 



nP-2|Vnp 


< C2{m,B) 



n{-,t)\\L3p(n)dt < C2{m,B) 


for all t > Ti + 1. 


( 6 . 22 ) 

(6.23) 

(6.24) 

(6.25) 


To this end, given any such p we invoke Lemma 16.21 to obtain r] > 0 with the properties listed there. 
In particular, since (I6.22j) ensures that essinfj(jg('r^n^(-, to) < applying (16.9j) to some 
appropriately chosen to £ (^ij^i + 1) shows that 



< 2BP 


for a.e. t > to 


and 



4 

p{p - 1) 


BP. 


(6.26) 


As moreover using the Holder inequality and again the continuity of the embedding IT^’^(H) L®(H) 

along with ()6.21l) provides Cs > 0 such that 


/ rt+l \p rt+l 

ij^ \\ni-,t)\\L3p{n)dt] < 




p 


rt+l 


< Cs 


l|Vnt(-,t)||i.(^) + ||nf(.,t)||2,^^^ 


dt 


< 


P^Cs 


f [ nP ^|Vnp + for all t > to, 

J t Jq 


the inequalities in (j6.26l) entail (|6.23p - (l6.25l) . 

7 Ultimate regularity of eventual energy solutions 


□ 


We now focus on the asymptotic analysis of a given particular eventual energy solution (n, c, u), thus 
aiming at proving Theorem 11.31 
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7.1 The inclusion {n,c,id) G Sm,M,L,To 

In order to prepare an appropriate exploitation of the energy inequality (I1.12p . we first assert that the 
dissipation rate appearing therein dominates the energy functional J-^ in the following sense. 


Lemma 7.1 For all m > 0, M >0 and k > Q there exists C = C{m, M, k) > 0 such that if 
n G L^(n) and c G L°°(n) are nonnegative with f^n < m and ||c||x,oo(q) < M as well as G 
and c4 G and if moreover u G iyQ^’^(n; M^), then 


|0| 


< FK[n,c,u] <c[ 

Jn 


pVnp , |Vc| 

\ n 


+ 


+ \Vu\H+c. 


(7.1) 


Proof. We first note that our assumptions /(O) = 0, x(0) > 0 and (^)' > 0 on [0,oo) imply 

that there exists Ci = C'i(M) > 0 such that > Cis for all s G [0,M], which in view of Young’s 
inequality entails that 


\L 


Xjc) 

/(c) 


|Vc|2 < 


1 f |VcP ^ 

Jq c 



1 f . f |Vc|" , M\n\ 
ISC^ Jn ~ Jn 16Cf 


S - 

Next, since zlnz < ^Z3 for all z > 0, using the Gagliardo-Nirenberg inequality we find C 2 > 0 and 
C 3 = C 3 {m) > 0 fulfilling 


/ nlnn < / 

J Q. Jq 


5 

n3 = 


1 

77-2 


10 1 

I ^0 < C2||Vn2 

Lzr{n) 


|2 I 

lL2(n)l 


'^"ll!2(n) + C'2||n 


10 

lL2(n) 


<6-3 


/ 

Jn 


|Vn|" 


n 


PC's, 


because 


1 

n2 


2 

L^{n) 


= f^n<m. 


As, finally, the Poincare inequality provides C 4 > 0 satisfying < C 4 |Vup, we all in all obtain 

F,,[n,c,u] < max |l,C'3, (74^1 • j 


for any such n, c and u. Along with the fact that Ft^\n,c,u] > — valid due to the inequality 
zln^; > — 1 for 2 : > 0, this shows (17.ip . □ 

We can thereupon make sure that all the results of the previous sections can actually be applied to 
such solutions, because {n,c,id) then belongs to Sm,M,L,TQ for adequately chosen m,M,L and Tq. 

Lemma 7.2 Let {n,c,u) be an eventual energy solution of M.SM . Then there exist m > 0, M > 0, 
L > 0 and Tq > 0 such that with F{s) := s,s > 0, the triple {n,c,F) belongs to Sm,M,L,To- 
particular, 

l|c||Loo(ox(t,oo)) 0 as t ^ 00 . (7.2) 

Proof. From Dehnition 11.11 and Lemma 12.21 it follows that fQn(-,t) = m := f^riQ for a.e. t > 0, 
and that there exist T>0, k>0, K>0 and Ci > 0 such that the regularity properties in (|1.1UI) as 
well as (I1.12P hold. In particular, we may therefore integrate by parts in the rightmost integrals in 
(j2.3p and (12.4p for suitably chosen cj) to see that (n, c) is a strong solution of (|3.1I) in 11 x (Tq, 00 ) with 
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Tq := T + 1, F{s) := s for s > 0 and u := u, which in turn allows us to apply Corollary 13.41 to infer 
that ||c(-,t)||ioo(s^) < M := ||c||ioo(Qx(T,T+i)) for a.e. t > Tq. 

We next observe that writing y{t) := FkIu, c,u]{t) and h{t) := —h —I- for 

t > T, by a completion argument we infer from (|1.12p that for any nonnegative cj) £ Vb^’°°((T, oo)) 
with compact support in (T, oo) we have 


roo 1 roo roo 


(7.3) 


because both y and h belong to oo)) due to Definition 11.11 and Lemma mi 

In order to make sure that this implies boundedness of y on (T + l,oo), we make use of the estimate 
provided by Lemma l7.II when applied to m := uq and M as defined above to infer from (17.31) the 
existence of Ci > 0 and (72 > 0 such that 


poo poo poo 

/ y{t)(j)'{t)dt + Ci y{t)4>{t) <C 2 4>{t)dt 

Jt Jt Jt 


for any such (p. Here we take (/>(t) := t > T, where (s is as introduced in (13.811 for 5 G 

(0,to ~ T), with arbitrary Lebesgue points to G (T,T + 1) and > T + 1 of (T, oo) 3 t e^^*y(t). 
Since + Cipit) = for a.e. t > T, we thereby gain the inequality 


1 ftl+S 1 rto roo 

- / e^^^y{t)dt —- e^^^y{t)dt <C 2 e^'^^C,i{t)dt for all 5 G (0, fo ~ T)^ 

Jto-5 Jt 

which on taking h 0 shows that 

y{ti) < + C 2 r 

JtQ Li 

As the set of such Lebesgue points complements a null set in (T, oo), this implies that indeed 

(79 

yit) < Co := ess inf yito) + — for a.e. f > T + 1. 
to6(T,r+i) Cl 

We next pick any t > T + 2 and let p{t) := C,s{t)^ t > T, where again Q is taken from p.Sp . now with 
to := t,ti := t + 1 and 5 := 1. From (17.3p we thus obtain that 


(7.4) 


pt i‘t-\-2 ^ pt-\-2 pt-\-2 

/ y{s)ds+ / y{s)ds + — / h{s)cj){s)ds < K / cj){s)ds, 

It-i Jt+i A 


so that since 0 = 1 in (t, t + 1) and 0 < (/> < 1 on (T, oo), using (j7.4p and the left inequality in dm) 
we conclude that with (74 := max{l, M^} we have 


1 r 

Jt Jn 


f |Vn|- 

\ n 


+ivcr 


< 


< 


1 r 

K Jt Jo 


riVnp ^ |Vc| 


n JO 

r-t+i 


( n 


1 r+r 

— h{s)ds 


< Cs + ^ + 3A: for alH > T + 2. 

e 

M 

e 


Therefore, (n, c, id) belongs to Sm,M,L,To with L := ■ {Co + e + 3A) and Tq := T + 2, whereupon 

(17.21) becomes a consquence of Lemma 14.61 □ 
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7.2 Preliminary statements on decay of Vn and u 

Thus knowing that c decays uniformly, invoking Lemma 16.31 we obtain the following. 


Lemma 7.3 For any eventual energy solution {n, c, u) of one can find T > 0 such that 



|Vn|^ < oo. 


Moreover, for all p>2 there exist T{p) > 0 and C{p) >0 such that 


(7.5) 


n{-,t)\\Lp^n) < C{p) for a.e. t > T{p), 


(7.6) 


and we have 



^o\\LP{n)dt 0 


as t ^ oo. 


(7.7) 


Proof. In view of Lemma 17.21 we may apply Lemma 16.31 hrstlv to p := 2 and F{s) := s, s > 0, to 
obtain (|7.5I) . whereas (|7.6p similarly results on invoking Lemma 16.31 to general p > 2. 

Next, given p > 2 we take T{p) and C{p) as in (17.611 and invoke the Poincare inequality to find Ci > 0 
such that 


/ 


p-f if 

n 


L2(0) 


<Ci 


Jn 


for all p e IT^’^(P) 


Then two applications of the Holder inequality show that 


rt+l 


F _ 

J \\n{-,t) - no\\LP{n)dt 


rt+l 


p-2 


< 


< 


< 


< 




dt 


{C{ 2 p)) 

{C{2p)) 


p-2 ft+l 
P-1 / 


P-2 i-t+l 
P-1 / 


,dt 




H-,t) - no\\l2(^n)dt 


p -2 

P-1 


rt+l 


Cl 


|Vnp 


for all t > T{p), 


whence (j7.7p is implied by (j7.5l) . □ 

The stabilization property implied by (j7.5p can now be turned into a preliminary statement on decay 
of u by making use of the energy inequality (II.lip . 

Lemma 7.4 Let (n, c, u) be an eventual energy solution of 17.HI) . Then there exists T > 0 such that 


poo p 

/ / |Vnp 

Jt Jn 


< oo. 


In particular, for all p G [1, 6] we have 

rt+l 


\ui-,t)\\LPin)dt ^ 0 ast^oo. 


(7.8) 


(7.9) 
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Proof. We combine Lemma [73] with Definition 1 1.1 1 to find Ti > 0 such that Ci := |Vnp is 

finite, and such that 


|u(-,t)p + 


tQ J Q, 


|Vup < - / \u{-,to)\‘^ + 


/7 

J tQ J Q, 


nu • V<h 


for a.e. to > Ti and all t > to- 


Since V • u = 0, and since with some C 2 > 0 we have |ttp < C 2 Jq |Vup for a.e. t > Ti by the 
Poincare inequality, integrating by parts in the rightmost integral and using Young’s inequality we see 
that for any such to and t we have 


^ to J ^ 



|Vu|^ < ^ [ \u{-,to)\‘^ -I [ 
" r2 J tQ J vt 


This implies that 

rt 

/Ti+1 


Vn 


< 


< 



|Vnp 


f / |Vttp < ess inf / |u(-,to)P + C'iC'2||<l)|||oom') for all t 
JTi+lJn to&iTi,Ti+l) Jfi '■ 


>Ti + l 


and hence establishes (17.8h . from which in turn one can readily derive (|7.9p . once again because 
LP{n) for p < 6. □ 

The latter implies smallness of tt(-, t*) at some conveniently large t* > 0 in some of the spaces 
£>0, which are supercritical with respect to the current knowledge on the global existence of smooth 
small-data solutions to the unforced three-dimensional Navier-Stokes system l[34ji. Thanks to the 
decay property of n — nfi formulated in (|7.7I) . this actually entails a certain eventual regularity and 
decay of u also in the present situation. More precisely, by means of a contraction mapping argument 
we can achieve the following. 


Lemma 7.5 Let (n, c, u) be an eventual energy solution of D.^l) . Then for all p > 3 we have 


ll^llL°°((t,oo);LP(0)) 0 as t ^ 00 . (7-10) 

Proof. First, since p > 3 we can pick any po € (3,p) such that po < 6 to achieve that then 
7 := |(^ — i) satisfies 7 < | ~ whence in particular 

Cl := f {1 — 

Jo 

is finite. We next recall known facts on the regularizing action of the Stokes semigroup (ca) to fix 
positive constants 02 , 0 ^ and satisfying 

l|e“*^7’||LP(o) < C 2 t~'^\\p\\LP 0 (Q) for all p e C'^(D) n L^(D) and t e (0, 2) (7.11) 
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and 


^-tA 


P[V 


Ilp(c) < Czt 2 2 p ||<y9||^P for all ip e C^{^) n L^(f^) and t G (0, 2) (7.12) 


as well as 




if 


/ 




Lp{n) 


< C' 4 ||</?||x,p(n) for all (/? G (7^(0) n L^(n) and fG (0,2), (7.13) 


where (I7.12p in particular implies that for each t G (0, 2) the operator e ■{)] admits a continuous 

P 

extension to all of (fl) with norm controlled according to (I7.12p . 

We finally invoke the Cauchy-Schwarz inequality to hx C 5 > 0 such that 


< C 5 \\ip\\LP{Q)\\^p\\Lp{n) for all ip and i) belonging to G I/{n). 


'L^(Q) 


(7.14) 


1 3 

We now take any positive <5 < ho ;= {3 • 2 ^ ^ ■ C\CzC^}~^ and let hi := 3 ^ and 62 := ^. 2 -<Ci ’ 

note that as a consequence of Lemma 17.41 and Lemma 17.31 for any such h we can pick T{ 6 ) > 2 such 
that 


I -1 


rt+l 


and 


|V4>| 


L°°{n) 


■5)111^0(11)^'® — m fo^ ^ “ 2 

J ||?^(-, s) — 7io||i,p(ii)ds < h 2 for all t > T(h) — 2 . 


To see that these choices ensure that 

lk(-To)||i,p(ii) < 5 for ah to > T{6), 


(7.15) 

(7.16) 

(7.17) 


we fix any such to and then infer from (I7.15P that there exists t* G (to — 2 , to — 1 ) such that 
l|ri(Gi*)||LPo(fi) < ^ 1 - We now follow a standard reasoning to construct, independently of u, an¬ 
other weak solution u of the initial value problem associated with the Navier-Stokes system ut + Au = 
—V[V ■ (u 0 u)] + P[nV<h] in ft X (t*,t* -|- 2 ) with u(-,t*) = 'u(-,t*) and some favorable additional 
properties, finally implying by a uniqueness argument that actually u = u and that hence u itself has 
these properties. To this end, in the Banach space 

X := ip e C'^{{U,U + 2]-,LP{n)) \\p\\x ■■= sup (t - t*)'^||v 9 (-,t)||ip(Q) < ooj 


we consider the mapping T defined by 




{^p){-,t) := e 


‘‘{■A*) - [ 

Jti 




V • (¥?(•, s) (g) p{-,s)) 


ds 


+ ^ e ®foT’[n(-, s)V<h]ds, f G (f*, t*2], 


for p belonging to the closed subset 


S-.= \peX 


X L 


< <5 


} 
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of X. Then for y? S S' we can use ()7.11l) - ()7.13p and (I7.16P to estimate 

ll(^7’)(->^)llLp(n) < C'2(t-t*)"2(TO“7)||u(-,t*)||iP0(f2)+ C3^ (/?(•,s) (8) </?(•,s) 


p ds 
L^{n) 


+C 4 


[n(-,s) - no]V$ 


LP{n) 


ds 


_3(1 _In rV .13 

^ 2 '■ Dn V ■' 


< C2(5i(t-t*) 2'-Po p-’ + C'sCs / (t-s) 2 2p||(^(-,s)|||p(j^)ds 


+C' 4 ||V$||ioc(Q) ||n(-, s) - no\\Lp^Q)ds 


< C 2 < 5 i(t-t*) + 03058^ {t-s)~^~^s-‘^'^ds 

Ju 

r £*+2 

+C4||V$||ioc(j^) / ||n(-,s) - rihllLPCn)^?^ 

Ju 

< C26i{t - U)~^^n-p'> + 03058"^ [ {t- s)~^~^s-'^^ds 

Ju 

+C 4(52 for all t S (t*, t* + 2 ], 
so that according to our choice of 7 we obtain 

(t-t*ri|(Tv9)(-,t)||iP(f,) < C2<5i+C3C5<52(t-t*)^-i-^ 




(1 — cr) 2 2 p^ 27 ^^ _ ^^^7 


= C2<5 i + CiC 3 C 58 \t - U)^--p-^ + C^t - 

< C281 + 2 ^" i "'^ CiC 3 C 5<52 + 2^0482 

s s s 

< 3~^3~^3~^ ^ ^ + 2 ], 

from which it readily follows that TS' C S. Likewise, for ip £ S and ^ G S' we can use (I7.12p and 
P7.14I) to find that 


(^75 - 




Lp{n) 

Ju 


- V 


-V 


• {<7’(-,s) ® [<7’(-,s) - V’(-,s)]} 

• - V'(-,'S)] (g)' 0 (-,s)| 


ds 


< C3 / (t-s) 2 2p,j (^(-,5) (g) [vj(-,s)-'(/’(•, s)] 

[ip{-,s) -'ip{-,s)] ^'ipi-,s) 


+ 


L§(C 2 ) 


L§( 0 ) 


Lp{n) 


ds 


< C3C5 J (t-s) 2 2p|||(^(.^s)||^p^j^^ + 
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x||<^(-,s) - '>Pi-,s)\\LP{n)ds 


< 



26s ■ s — il^Wxds 


for all t G (f*, + 2], 


implying that 


{t - uy 


<2.25-i-T'CiC3C'5<^||(/^-V'||x 

LP(0) 


for all t G (t*, t* + 2], 


As 2 • 22 2 ^ "''C'lC'sC'sJ < I < 1, this proves that $ acts as a contraction on S and hence possesses a 
unique hxed point u. By standard arguments ([26]), it follows that u in fact is a weak solution of the 
Navier-Stokes subsystem of (jl. 2 p in 12 x + 2 ) subject to the initial condition 

Since furthermore our choice of 7 ensures that with q := we have g 7 <g-(^ — ^) = 1, it follows 
from the inclusion u G S that 



^(■) OIIlp(o) 


dt < 5'? 


ri*+2 


(t — ty < 00 . 


Using that p and q satisfy the Serrin condition | + | = Ij a well-known uniqueness property of the 
Navier-Stokes equations ([2^) entails that u must coincide with ti in 12 x -|- 2). In particular, 

since to G (U + Ij + 2 ), this implies that 


II'«(-Uo)||lp(o) = l|S(•Uo)||LP(o) < d{to - u) ^ < 5 

and thereby establishes (I7.17p . which in turn proves (I7.10p . because 6 G (0, Jq] was arbitrary. □ 


7.3 Eventual Holder regularity of u and Vm 

We next plan to derive some higher order regularity properties of a given eventual energy solution. 
Here we first combine the boundedness feature of u implied by Lemma 17.51 with the integrability 
properties of the forcing term nV$ in the Navier-Stokes equations in (|1.2p . as obtained from Lemma 
ESI to achieve spatio-temporal bounds for u, Vu, D^u and ut for any p > 1 by means of a bootstrap 
argument based on maximal Sobolev regularity in the Stokes evolution system. 

For use in this and also the following sections, we fix a function ,^0 £ such that 

0 < ^0 < 1 in K, ^0 = 0 in (— 00 , and ^0 = 1 in [IjOo)) (7-18) 

and for to > Ij we introduce 

6o(t) :=Co(i-to), t£R. (7.19) 


Lemma 7.6 Let (n, c, u) be an eventual energy solution of Then for all p > 1 there exist T > 0 

and C > 0 such that 


'^\\Lp({t,t+iy,w^:P{n)) + lkt||Lp(Ox(t,t-i-i)) < C for all t > T. 


(7.20) 
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Proof. We first claim that there exist Ti > 0 and Ci > 0 such that 


ll“llL2((to,to+i);VF2,2(Q)) < Cl for all t > Ti. (7.21) 

To see this, let us apply Lemma 17.31 Lemma 17.51 and Lemma 17.41 to fix Ti > 1 and positive constants 
C 2 , C^ and C 4 such that 


lhllL 2 ((M+ 2 );L 2 (o)) < C 2 for alH > Ti - 1 (7.22) 

and 

ll“llL-(d,t+ 2 );L 4 (n)) < ^3 for alH > Ti - 1 (7.23) 

and 

l|Vu||i 2 (( 4 ^t+ 2 );L 2 (o)) < Ci for all t > Ti - 1. (7.24) 

Then (|7.24l) in particular implies that for any choice of to > we can find t* G (to — l,to) fulfilling 
||Vu(-,t*)||x, 2 (Q) < Ca, and upon an interpolation using the Holder inequality and the Gagliardo- 
Nirenberg inequality, (|7.24p combined with (|7.23p shows that with some Cs > 0 and Co > 0 we 
have 




rU+2 


P[(u-V)u](-,t) < C 5 I ||Vu(-,t)||^4(t^)||u(-,t)||^4(t^)dt 


< 


CIC5 \\Vui;t)\\Un)dt 

^t *+2 8 2 


< C|C 6 






8 

V^ 2 , 2 (s^)«'^- 


As moreover 


r ^*+2 2 


pt*+2 




< C|||V $"2 


L°°( 0 ) 


by p7.22p . it follows from a well-known maximal Sobolev regularity property of the Stokes evolution 
equation m) and a corresponding uniqueness argument ([26]) that there exist C 7 > 0 and Cg > 0 
satisfying 


^t*H -2 

Ju 


l^(■) 011^2,2(Q)dt < Cl 


In 


/•t *+2 

|Vu(-,t*)|2+ / 

Ju 


< Cs-il+ [ 

Ju 


t*H-2 


l«(-,i)ll^2,2(f2) 


-P[(u-V)u](-,t) +P[n(-,t)V$] 
dt 


L^(n) 


dt 


Since | < 2 , Young’s inequality becomes applicable here to warrant that p7.21l) indeed holds if we let 
Cl > 0 be apporopriately large, because by construction we have {to, to -|- 1) C (C,C + 2). 
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In order to prove the lemma, upon a recursive argument it is hence sufficient to show that whenever 
p > 2 is such that 

\\'^\\LP{{t,t+ 2 )-,w^’P{n)) ^ C'g for all t > T 2 (7.25) 

with certain T 2 > 1 and Cg > 0, there exist T 3 > 1 and Cio > 0 fulfilling 

< Cio for all t > T 3 . (7.26) 


li 3p o “I” 


. 3p 


'{Qx{to,to+l)) 

To see that this implication actually holds, under the assumption therein we invoke Lemma 17.51 and 
O to fix T 3 > T 2 , Cii > 0 and C 12 > 0 such that with q := max{ 6 p, have 


lull 3p ^ 


2p-3J 
for all t > T 3 


(7.27) 


and 


lkllL°°((t-i,t+i);L'?(r 2 )) < <^12 for all t > T^, (7.28) 

and given tg > T 3 we let ^to be as defined in (17.191) . Then the function v : Cl x (tg — 1, 00 ) —)• defined 
by v{x,t) := ^ 4 p(f)u(x,t), {x,t) G Cl x (tg — l,oo), is a weak solution in Lf^^dig — l,oo);L^(n)) n 
Ll^dtg - 1 , 00 ); <’ 2 (L!) n IT 2 - 2 (L!)) of 

Vt + Av = h{x,t) := ■'C7)u +nV^] + ^d{t)u in 12 x (to - 1, 00 ) (7.29) 

with v{-,to — 1) = 0. To estimate the inhomogeneity h herein, we first note that the boundedness 

3p 

of the Helmholtz projection in L^{Cl), (j7.27p and (I7.28P imply that there exist positive constants 
^ 13 ) Cii and Cis such that 
r^o+i 


rto+i 

Jto-1 




2 

3p 
L^{ 0 ) 


rto+1 ^ 

dt < Ci 3 / ||n(-,t)V$|| ^ 3 p dt 

Jto-i LT-(O) 


Sp 

— ^1311 V<h 11^^00(52) 


< Ci4 


rto+1 

/ lh(->i)ll \ dt 

Jto-1 


3p 

I ^3j 

LW(o) 


and 


f 

J to 


(7.30) 

(7.31) 


^to+1 ^ 

II 4 (^)“(-’^)II "3p dt < Cis. 

tto-l LT-(O) 

Moreover, by means of another interpolation on the basis of the Holder inequality and the Gagliardo- 
Nirenberg inequality we may use (I7.27P and then (17.251) to find positive constants Cig, Ciy, Cis and 
C 19 such that 

' it,(t)V[{u-\/)u]{-A) 


/*C 0 + 

J tQ—l 


2 

3p 

Lw(0) 




rto+1 

3p 

3p 

dt < 

Gie 

ho-l 

l|Vu(-,t)||/ 2 p(f 2 )lk( 

' A)\\ Ltip 



rto+1 

3p 


< 

Ci7 

ho-l 

l|Vu(-,f)||^" 2 p(t 2 )^^^ 




/■io +1 


P 

< 

C 18 


^ 2 ,p(q) u(- 

,t)V 6 p dt 



Jto-1 




rto+1 



< 

Cig 

ho-l 



< 

CigCl 




(7.32) 


45 





















As a consequence of ()7.30p . (I7.3ip and ()7.32p . once more by maximal Sobolev regularity estimates, 
now applied to ()7.29p . we obtain C 20 > 0 and C 21 > 0 satisfying 


rk 

Jto 


io+l 3 p 

H;t)V 


3 p ^ 


rio+1 Sp 

. dt+ ll«t(-,i)ll dt 

Jto L-2-{Q) 

r^o+l 3p rio+l 3p 

< / ll^(•!^)ll % 3p dt+ lbt(-,i)P3p dt 

Jto-l W^’^{Q) Jto-1 LT-(C) 

*0 + 1 3p 


< <^20 


rto+ 

Jto-l 


\\hi;t)\\ 


3 p 

LT( 0 ) 


dt 


< <^ 21 . 


This establishes (I7.26P and thereby completes the proof. □ 

Since the exponent p in Lemma 17.61 can be chosen arbitrarily large, an immediate conseqnence is the 
following. 

Corollary 7.7 Suppose that {n,c,u) is an eventual energy solution of 17.111) . Then one can find 
a G (0,1), T > 0 and C > 0 such that 

||n||(^i+Q,,a(Qx[t,t+i]) — C for all t > T. 

Proof. According to a well-known embedding result (|2]), for any a > 0 and /? > 0 fulfilling 
a + 2/3 < 2 there exists p > 1 such that for each bounded interval J C M, the space of fnnctions 
on n X (0,T) having finite norm \\<p\\Lp{j-w'^,p{n)) + \\Tt\\Lp{j-,Lp{n)) is continuously embedded into 
X J). Therefore, the claim is an immediate conseqnence of Lemma 17.61 when applied to 
conveniently large p > 2. □ 


7.4 Eventual LP regularity of c, Vc and D^c. Holder regularity of c and Vc 

By pursuing a similar overall strategy, we can derive the counterpart of the statement in Lemma 
ES for the second component c. As compared to the situation in the previons section, however, the 
different structure of the inhomogeneity /i(x, t) = —nf{c) — u ■ Vc in ct — Ac = /i(x, t), and especially 
its dependence on c, require modihcations in the argument. 

Lemma 7.8 Let (n, c, u) he an eventual energy solution of il.Sfl . Then for all p > 1 there exist T > 0 
and C > 0 such that 

\\c\\LP{{t,t+i)-,w^’P{Q)) + I|c 4 ||LP(nx(t,t+i)) < C for all t > T. (7.33) 

Proof. Let us first make sure that with some Ti > 0 and Ci > 0 we have 

\\4Lfi{to,to+iy,w^:fiQ)) < C for all t > T. (7.34) 

To this end, we observe that in view of Lemma ESI Dehnition ll.il (I3.16P and Corollary 17.71 there exist 
Ti > 1 and positive constants 02 , 0 ^ and C 4 snch that 

\\n\\Lfinx{t-i,t+i)) < C 2 for all t > Ti (7.35) 
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and 


for all t > Ti 

(7.36) 

as well as 

L°°(Ox(t-l,t+l)) ^ C 4 

for all t > Ti. 

(7.37) 


Now for fixed to > Ti we let be as given by (|7.19l) and consider the problem 

zt- Az = h{x, t) := -^to (t) ■ {nfic) + u-Vc} + {t)c, x € ft, t > to - 1, 

' if ^ ® ^ t > to + 1, (7.38) 

z{x,tQ — 1 ) = 0 , X € ft. 


Here using (I7.35p - (l7.37p and (I3.16P we see that for some Cs > 0 we have 


rto+i 

'to-l 


L4(Q) 


+u{-,t) ■ Vc(-,t)| 

< ^ {l|n(-,t)||^4(f^) + ||u(-,t)||i^(f^)||Vc(-,t)|||^4(fj)}dt 


< C^-{Cl + CtCl) 


and 


t*£o + l 


/£o-l 


ll?to(^)c(-,t)|li4(f7)'^t < IIColli,°°(R) • C*!. 


(7.39) 


(7.40) 


According to well-known results on maximal Sobolev regularity properties of the Neumann heat semi¬ 
group ([l3]), we thus infer from p7.39p and p7.4np that (I7.38P possesses a unique strong solution 
G A^((to — l,to + 1 ); H7^’^(ft)) with zt G L‘^(ft x (to — l,to -|- 1 )) which satishes 


rto+l rto+i rto+i 

/ \\^{'^t)\\w+t.(n)dt + / \\zt{-,t)\\\4,(^Q)dt < Cq / 

' £o—1 £o—1 £o—1 


■’^)llL4(f2)dt < (77 (7.41) 


with some Cq > 0 and Ci > 0. Since clearly both 2 ; and the function ft x (to — l,to -|- 1) 9 {x,t) 
^to{t)c{x,t) are weak solutions of (|7.38p in the class of functions from L^((to — l,to -|- 1); Vh^’^(ft)), it 
follows from a corresponding uniqueness property that z{x,t) = ^fo(t)c(x,t) for a.e. (x,t) G ft x (to — 
l,to -|- 1), whereupon (I7.41D implies (I7.34p . because ^to = 1 in (to, to -|- 1). 

Let us next verify that if 


\\c\\Lp{{t,t+iy,w+r{n)) < C's for all t > T 2 (7.42) 

with some p > |, r 2 > 1 and (78 > 0, then there exist > T 2 and (7g > 0 such that 

\\d\\L'^p{(tQ,to+i)-,w+‘^p(u)) + l|ct||i,2p(f^x(to,to+i)) — ^9 ^ > Ts- (7.43) 

Indeed, assuming (I7.42D we once again invoke Lemma 171^1 to obtain Ts > Tg and (7io > 0 such that 
T 3 > Ti and 

M\L^p(nx{to-i,to+i)) < Clio for all t > T 3 . (7.44) 
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Then given to > we define z in the same manner as before and the see that in (j7.38l) we can use 
(j7.44l) . (j7.37l) and (I3.16P to find Cn > 0 fulfilling 


rio+i 

Ito-l 


L2p{n) 


6oW{^(->0/(c(-T)) +u{-,t) ■ Vc(-,f)| 

pto +1 

< CllCi^ + CfC^i l|Vc(-,f)||5 

Jtn — l 




where combining the Gagliardo-Nirenberg inequality with (j7.42jl and (I3.16h provides C 12 > 0 and 
Cia > 0 such that 


r^o+i rio+i 

||Vc(-,f)||g,(^)df < C12 / 


'tQ — l 


|c(-,i)ir 


'tQ — l 


W^’P{Q) 




< Cis- 

Since again from (I3.16P we obtain Cu > 0 such that 


/■to+i 

</ tn — 1 


2p 

Loc 


|2p 

lL°°(Qx(to-l,to+l)) 


< 1^14, 


we may argue as above to conclude from maximal Sobolev regularity estimates that there exist Cis > 0 
and Cie > 0 such that 

/*^o+l r^o +1 

/ lk(-, i) 113^2, + / Ikt(-T)ll?2p(f2)'^^ < C'ls / ||/i(-T)||?2p(n)t^^ < C'le- 

t/£o — 1 *^£0 — 1 to — 1 

Again since z = c a.e. in x {to, to + 1) by definition of this shows (I7.43I) and thereby completes 
the proof of (17.3311 upon iteration. □ 

Again, this implies Holder estimates as follows. 


Corollary 7.9 Let {n, c, u) he an eventual energy solution of Then there exist a G (0,1), T > 0 

and C > 0 such that 


lkllci+“'“(Ox[t,t+i]) — ^ t > T. 

Proof. In precisely the same manner as Corollary 17.71 was derived from Lemma 17.61 this follows 
from Lemma 17.81 by application of a standard embedding result ( [2] ) • Cl 


7.5 Eventual regularity of n, Vn and D‘^n. Holder regularity of n and Vn 

The above estimates, inter alia asserting a uniform pointwise bound for Vc and a space-time bound 
for Ac in any IT norm for p < 00 , now provide sufficient information for the derivation of the following 
analogue of Lemma 17.81 for n. 
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Lemma 7.10 Given an eventual energy solution {n,c,u) of \1.0i) . for each p>l one can find T > 0 
and C > 0 such that 


ll^llLp((t,t+i);VK 2 .p(o)) + ll^t|lLP(Ox( 4 ,t+i)) < C for all t > T. (7.45) 

Proof. The proof is quite similar to that of Lemma 17.81 so that we may confine ourselves with 
outlining the main steps only. We first show that there exist Ti > 0 and Ci > 0 such that 

\\n\\L^{{to,to+iy,W^’H^)) - *^1 

To see this, we recall Lemma 17^ Corollary 17.91 Lemma 17^ and Corollary 17.71 to fix Ti > 1 and C 2 > 0 
such that 


ll^llL2((t_i,t+l);VFi,2(o)) + ||?T'||L4(f2x(t-l,t+l)) + l|Vc||j;,oo(f2x(t-l,t+l)) + ll^c||i4(Qx(t-l,t+l)) 

+ ll^^llL°°(nx(t-i,t+i)) < <71 for all t > Ti. (7.47) 
Then given Iq > Ti, with taken from (I7.19P we see that the source term h in 


wt — Arc = h{x, t) := —Cto(^) ' |Vn • Vc + nAc + u ■ Vn| + f,'tf^{t)n, 
' = 0, X e (90, t > to — 1; 

, w{x,to — 1) = 0, X € 90, 

satisfies 


X € O, t > to — 1, 


(7.48) 


^^0 + 1 

/ ll^(■) ^)IIl2(0)'^^ — 

JtQ — l 


liVcII 


Po + l 

L°°(Ox(to-l,to+l)) / l|Vn(-,t)||^2(ii)dt 

Jto — l 


+ 


fto+1 


'to —1 


K(■^^)lli4(Q) 


(*^0 + 1 


/to —1 


ll^c(-,t)||^4(Q) 


rto+1 

(ftx(to-l,to + l)) / ll^^(•)0lli2(Q)dt 

J to —1 


pto + 1 

+ ll'^olli°°(R) / ll^(■) ^)llL 2 (fi)dt 

JtQ — l 


1 

2 


< <72 


for some C 2 > 0, where we have used the Cauchy-Schwarz inequality. Therefore, (I7.46D is a consequence 
of a maximal Sobolev regularity inequality along with a uniqueness argument applied to (|7.48p . 

Next, assuming that with some p > 1, T 2 > 1 and Cs > 0 we have 

ll^llLp((t-i,t+i);VF 2 .p(o)) < <73 for all t > T 2 , (7.49) 

we can infer the existence of Ts > 0 and (74 > 0 fulfilling 


71 3p 


3p 


T^((to,to+1);VF‘'’T(0)) 


+ 


3p 

L~^ (Qx (to,toH“l)) 


< (74 for all to > T 3 . 


(7.50) 
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Indeed, thanks to Lemma 17.31 and Lemma 17.81 we may pick > max{ri,T 2 } and 6*5 > 0 such that 

ll^lll, 3 p(nx(t-l, 4 +l)) + ll^llL°°((t-l,t+l);I,3(0)) + ll^c||x,3p(Qx(t-l,t+l)) < C's for all t > T 3 , 
whence by (j7.49l) and the Gagliardo-Nirenberg inequality we obtain Cq > 0 satisfying 

3p 


rt+l 

Jt-1 


I 1 3p 


ds < Cq 


rt+l 

Jt-1 


IVl/2.P(n) 


|n(-,s) 


Il3(c)^ 


ds < CqCIcI for all t > T^. 


Accordingly, if to > ^3 and is as in (j7.19l) . then in (j7.48p we can once more use (|7.47p and the 
Cauchy-Schwarz inequality to estimate 


rto+i 

/ \\h{;t)\\ 

Jto-l 


3p 

^3p dt 
L‘ 2 ‘( 0 ) 


3p 




rto+l 

'to-l 


3p 


+ 


pto+l 


Ito-l 

3p _ 

+ ll“llL-(Cx(to-l,to+l)) L , ll^^(•’^)ll^' 3 p^^^d^ 




fto + l 


L^{n) 

||Ae(.,OII?„,„,) 

3p 


/to -1 


3p 

+II^oIIloo 


/■io+l 

'to-l 


3p 

l\ 

L‘ 2 -(C 2 ) 


h(-,i)ll_^3p dt 


< C 7 


with some C 7 > 0. Another application of maximal Sobolev regularity theory thus yields (j7.50p and 
hence proves (|7.45p . because p > 1 was arbitrary. □ 

Once more, this entails a certain Holder regularity. 

Corollary 7.11 Let (n, c, u) he an eventual energy solution of Then there exist a G (0,1), T > 0 

and C > 0 such that 


||n||(^i+a,Q(Qx[i,t+i]) ^ C for all t > T. 

Proof. In precisely the same manner as Corollary 17.71 was derived from Lemma 17.61 this follows 
from Lemma l7. 101 bv application of a standard embedding result ([2])- Cl 

7.6 Estimates in C'^+"d+f 

Straightforward applications of standard Schauder estimates for the Stokes evolution equation and the 
heat equation, respectively, finally yield eventual smoothness of the solution components u as well as 
n and c, respectively. 

Lemma 7.12 For any eventual energy solution {n,c,u) U.^) one can find a G (0,1), T > 0 and 
C > 0 such that 
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Proof. According to Corollary 17.111 and Corollary 17.71 it is possible to fix a' G (0, 1), Ti > 0 and 
C 2 > 0 such that 

for all t > Ti (7.52) 


Inll , a' - < Cl 


and 


hi 


< C 2 for all t>Ti. 


Ici+“'.“'(^x[hi+i]) - ^ (7.53) 

We next set T := Ti + 1 and let to > ^ be giyen. Then with taken from (I7.19D . we again use that 
v{-,t) := t > to — 1 , is a solution of 


vt + Av = h{x,t) ■= (to{'t)'P[{u ■ V)m + nV<h] + ^^^(t)^, a; G fl, t > to - 1 
v{x, to) = 0, X G n, 


(7.54) 


which hence, in particular, satisfies the associated first-order compatibility condition at t = to — 1 

( 127 ]). 

Now from (j7.52p . ()7.53p and the smoothness of ^0 we readily obtain a G (0,1) and C 3 > 0 fulfilling 

<C^3, 


ic7“’T(nx[to-i,to+i]) 

so that regularity estimates from Schauder theory for the Stokes eyolution equation ( 1271 ) ensure that 
(I7.54P possesses a classical solution v G (f2 x [to — l,to + 1]) satisfying 

ll^llc 2 +“’i+^(nx[to_l,to+l]) - 

with some (^4 > 0 which is independent of to. As clearly u = u by an eyident uniqueness property of 
(|7.54p . this proyes (j7.5ip . □ 

Lemma 7.13 Assume that {n,c,u) be an eventual energy solution of Then there exist a G 

(0,1), T > 0 and C > 0 such that 

Il^llc2+“’i+f (ox[t,t-Hi]) + (ox[4,t+i]) - ^ ^ ^ (7.55) 

Proof. We first combine Corollary 17.91 with Corollary 17. Ill and Corollary 17.71 to infer the existence 
of a' G (0,1), Ti > 0 and Ci > 0 such that 

||n/(c)|| , a' - -blju-VcII , a' _ < C*! for all t > Ti. 

Standard parabolic Schauder estimates applied to the second equation in (jl. 2 l) ([ 22 ]i thus proyide 
6*2 > 0 fulhlling 


c 


2+a'.l + 


W(Ox[t,t+l]) 


< C 2 for all t > Ti + 1 . 


(7.56) 


Again in yiew of Corollary 17.1 H and Corollary l7.71 this in turn warrants that for some a" G (0,1), r 2 >0 
and Cs > 0 we haye 

||V.(? 7 ,Vc)|| „ a// _ -b ||tt • Vnjj „ a" _ < Cs for all t > T 2 , 

whereupon Schauder theory says that 

ll^ll 14 -«" - < <^4 for all t > T 2 + 1 . 

Along with (I7.56p . this proyes (I7.55P with a := min{a', a"},T := max{Ti, T 2 } and some suitably large 

C > 0. □ 
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8 Stabilization of n and u. Proof of Theorem 11.3 


On the basis of the eventual uniform continuity properties implied by the estimates in the previous 
section, we can now turn the weak stabilization properties of n and u from Lemma 17.31 and Lemma 
17.51 into convergence with regard to the norm in In the proofs of our results in Lemma 18.21 

and Lemma 18.31 in this direction we shall make use of the following statement, the elementary proof 
of which may be omitted here. 

Lemma 8.1 Let T G M, and assume that h : (T, oo) [0, oo) is uniformly continuous and such that 
h{s)ds —)• 0 and t ^ oo. Then h{t) —)• 0 as t ^ oo. 

A first application thereof shows that Corollary 17.91 and Lemma 17.31 entail the following. 

Lemma 8.2 Assume that (n, c, u) be an eventual energy solution of Hl.SM . Then with uq := no > 0, 
we have 

||n(-, t) — no||j;^oo(Q) ^ 0 as t —)■ oo. ( 8 . 1 ) 

Proof. By means of Corollary 17.91 and the Arzela-Ascoli theorem, we can fix Ti > 0 such that 

{n{-,t))t>Ti is relatively compact in C'°(fi), ( 8 . 2 ) 

and that the function ip : (Ti,oo) —)■ M defined by h{t) := ||n(-,t) — t > Ti, is uniformly 

continuous. Moreover, from Lemma 17.31 we know that with some T 2 > Ti we have |Vnp < 00 , 

so that since the Poincare inequality combined with (12.61) provides Ci > 0 such that 

rt-hl pi+1 r 

J ||n(-, s) - riiJ||^ 2 (Q)ds - J ^ > ^ 2 , 

we obtain that h{s)ds —)• 0 as t —>• 00 . In view of Lemma 18.11 this asserts that h{t) —>• 0 and 
hence n{-,t) —)• rio in Lp‘{Tl) as t —)• 00 . Along with (|8.2p . this proves (18.11) . □ 

Next, combining Corollary 17.71 with Lemma 17.31 yields decay of u in L°°{Q). 

Lemma 8.3 If (n, c, u) is an eventual energy solution of M.iAi . then 


lk(-,i)llL->(o )0 ast^oo. 
Proof. We first observe that as a consequence of Lemma 17.41 



as t ^ 00 , 


(8.3) 


(8.4) 


meaning that if with some conveniently large Ti > 0 we let h{t) := ||u(-,t)||x, 2 (f 2 ), t > Ti, then 
h{s)ds —)• 0 as t —)• 00 . We now follow the reasoning from Lemma ( 8 .21 and invoke Corollary 17.71 in 
choosing T 2 > Ti such that 


{u{-,t))t>T 2 is relatively compact in C^(Ll) and h is uniformly continuous for t > T 2 , (8.5) 
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where the latter along with ()8.4p entails that h{t) —)■ 0 as t —)• oo according to Lemma 18.11 Thus 
knowing that ^ 0 in L^(n) as t ^ oo, using the compactness property stated in (j8.5p we 

readily end up with (|8.3p . □ 

Proving our final result on large time behavior of arbitrary eventual energy solutions now reduces to 
collecting the above convergence and regularity properties. 

Proof of Theorem 11.31 The regularity properties in (I1.13P are immediate consequences of Lemma 
17.131 and Lemma 17.121 In order to verify (I1.14p . we note that on choosing u := u and F{s) := s for 
s > 0 we obtain from Definition 11.11 (12.61) and (13.161) that {n,c,F) G Sm,M,L,To with m := f^no, 
M := ||co||loo(q) and some L > 0 and Tq > 0. Therefore, Lemma [4.61 in particular implies that 
c(-, t) —7- 0 in L°°{Q) as t —)■ oo. Combined with the results of Lemma 18.21 and Lemma 18.31 this proves 
the claimed stabilization properties. □ 


9 Existence of an eventual energy solution. Proof of Theorem 11.2 


Following [39], we regularize the original problem (|1.2p by fixing families of approximate initial data 
noe, coe and uoe, e £ (0) 1)) with the properties that 


reoe G (7^(11), reoe > 0 in D and uqs = Jq ng for all e G (0,1) and 
noe —>■ no inLlogL(D) as e \ 0, 


(9.1) 


that 

{ coe > 0 in D is such that G (7^(0) and ||coe||Loo(Q) < ||co||ioo(Q) for all e G (0,1) and 
■\A1)£ ™ ^ in as e \ 0, 

(9.2) 

and that 


f uoe G n with \\uoe\\L2{n) = II«o||l2(o) for all e G (0,1) and 

[ uqs —>• uq in LP‘{Q) as e \ 0. 

Then for e G (0,1), we consider 


net + Ue ■ Vne 

= Aue - V • {neF^{ne)x{c£)Yce), 

^et T '^e * ^ 

= ACe - Fe{ne)f{Ce), 

Uet 

= AUe - VPe + {YeUe ■ V)Ue + UeVcj), 

V • Ue 

= 0, 

drisr dcp Q 

du ~ du ~ 

Ue = 0, 


. n£(x,0) = noe(x), C£(x, 0) = COe(x), Ue{x,^) =Uge{x), 


where 

F^{s) := - ln(l + es) for s > 0, 

and where 

Y^v := (1 + £A)~^v for v G L^(D). 


X G D, t > 0, 

X G D, t > 0, 

X G D, t > 0, 

X G D, t > 0, 

X G (9D, t > 0, 
X G D, 


(9.3) 


(9.4) 


(9.5) 

(9.6) 
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The following lemma summarizes some of the results for ()9.4I) obtained in [391 Lemma 2.2, Lemma 
2.3, Lemma 3.9, Lemma 3.6]. 

Lemma 9.1 For each e G (0,1), there exist uniquely determined functions 

Ue G X [0,oo)), Ce G X [0,oo)) and Ue G x [0,oo);M^) (9.7) 


which are such that > 0 and Cg > 0 in O x {^■,Tmax,e)j o,nd such that with some G C'^’^(n x 
{0,Tmax,e))> the quadruple {ne,Ce,u^, Pe) solves ^9.4\) classically in Fix (0,Tmaa;,e)- 
These solutions satisfy 


/ ns{-,t) = / no for all t > 0 

Jq Jq 


(9.8) 


as well as 

l|c£(-, t)||L°°( 0 ) < ||co||i,°o(o) for all t > 0, 


(9.9) 


and there exist k > 0 an K > 0 such that 


d 1 

—P^,[ne,Cs,Ue\{t) + — 


dt 


|Vn£ 


+ 


iVch^ 


Kyja ne Jq c; 


In 


+ / iVugp \ < K for all t > 0. (9.10) 


Furthermore, Theorem 1.1 in [39] asserts that these solutions approach a global weak solution of (II.2|) 
in the following sense. 


Lemma 9.2 There exist (ej)jgN C (0,1) and a global weak solution {n,c,u) of 11. HI) such that Sj \ 0 
as j ^ oo and (ne,Ce,ne) ^ {n,c,u) a.e. in Fix (0, oo) as e = ej \ 0. For this solution, we moreover 
have 


n G L°°((0, oo); L^(n)) with n2 G ^^^^([O, oo); VF^’^(n)), 

c G L°°(fl X (0, oo)) with c4 G ^^^^([0, oo); VF^’^(n)), and 

u G L^,([0,oo);L2(fl)) nLL([0,oo);<'2(L!)), (9.11) 


and there exist k > 0 and K > 0 such that M.ll\) and 11.1H|) hold with T := 0. 

It remains to verify that the component n of this limit function has the additional regularity properties 
Vn G X (r, oo)) and n G x (T, oo)) required in Definition 11.11 Thanks to all our 

previous analysis, without substantial further efforts these will result from the fact that for each of the 
approximate solutions {ns,Cs,Ue), the triple {ns,Cs,F^) lies in Sm,M,Lfl with suitable m > 0,M > 0 
and L > 0: 


Lemma 9.3 There exist T > 0 and C > 0 such that for all s G (0,1), the solution of ^9-4^ satisfies 



< C 


(9.12) 


and 


fT+f f 

/ nt<C-{f + l) 

■JT Jn 


for all T > 0. 


(9.13) 
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Proof. In order to prepare an application of Lemma lOl we recall that f^ns(-,t) = m := f^ng 
and ||c£(-,t)||£,oo(Q) < M := ||co||i:,oo(Q) for all t > 0 and e € (0,1) according to (19.8p and (|9.9p . Next, 
Lemma [9.11 combined with Lemma fZ.ll savs that there exist positive constants Ci and C 2 , independent 
of e G (0,1), such that with «; > 0 as given there, the function y defined by y{t) := FiJji£,Ce,Ue\{t), 
t > 0, satisfies y'{t) + Ciy{t) < C 2 for all t > 0, which shows that \y{t)\ < Cg for all t > 0 with some 
C 3 > 0 independent of e. Therefore, integrating (j9.10l) in time yields 




< iLmax{l,M3} • {K + 2Cs) 


for all t > 0 and e G (0,1), (9.14) 


from which we infer that (n^, Cg, F^) G Sm,M,L,o for all e G (0,1) if we let L := K max{l, M^}-(iL+2C'3). 
Therefore, Lemma 14.61 applies so as to assert the doubly uniform decay property 


sup ||c£(-,t)||ioo(Qx(To,oo)) 0 as To ^ 00 . (9.15) 

£ 6 ( 0 , 1 ) 

In particular, if we let y > 0 and r > 0 denote the numbers obtained from Lemma 16.31 upon the 
specihc choice p := 2, we can hx Tq > 0 such that 


l|ce(-,t)||L°°(Ox(To,oo)) < r] for all e G (0,1). 

Combining this with (j9.14p and using the outcome of Lemma 16.31 we thus infer that 

poo p 

lhe(-,i)||L3(Q) < Cl for all t > T and / / iVn^l^ < Ci (9.16) 

JT Jn 

with T := Tq + T and some Ci > 0 possibly depending on m and L but not on e G (0, 1). Since using 
the Gagliardo-Nirenberg inequality we obtain C 2 > 0 such that for each T > 0 we have 


rT-\-T pT-\-T - . 

/ WM-, t)\\l4(n)dt < / {C'2||Vne;(-,t)||i2(Q)||ne;(-,t)||i3(Q)+C2||n£(-,t)|||3(n)|di, 

f T J T 


both (I9.12P and (j9.13p result from ()9.16p . □ 

We thereby immediately obtain our final result on global existence of an eventual energy solution. 

Proof of Theorem 11.21 We let (n,c, u) denote the limit function gained in Lemma 19.21 Then as a 
consequence of Lemma 19.31 we know that there exist T > 0 and Ci > 0 such that 



|Vn|^ < 00 


and 



< Cl • (f + 1) 


for all T > 0. 


In conjunction with (19.lip , this shows that (n,c, u) enjoys all the regularity properties required in 
Dehnition o and therefore implies that (n, c, u) indeed is an eventual energy solution of (11.21) . □ 
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10 Appendix 


For convenience, let us include a short proof of a stability property of Steklov averages which is 
essential to our arguments in both Lemma l5.II and also Lemma 13.31 

Lemma 10.1 Let —oo < Tq < Ti < oo, and for h G (0,1) define 

Sh[(p]{x,t) := - J ip{x,s)ds, X £ Q, t £ {To,Ti), (10.1) 

for ip £ L\n X {To,Ti)). 

i) If if £ LP{Q X (TqjTi + 1)) for some p £ [l,oo), then 

ll‘S'/i[</^]||Lp(Ox(ro,Ti)) < \\‘f\\LP{nx(To,Ti+h)) for all h £ (0,1). (10.2) 


ii) Suppose that for some p £ [1, oo), {ifh)h&{o,i) C L'P{Ll x (Tq, Ti + 1)) and f £ LP{II x (Tq, Ti + 1)) 
are such that 


Then 


Wfh - f\\LP{nx{To,Ti+h)) —^0 as h\0. 
Shlfh] f in LP{Tl X (To,Ti)) as h \ 0. 


(10.3) 

(10.4) 


Proof. We may assume that Tq = 0 and write T := Ti. 

i) Using the Holder inequality and the Fubini theorem, we directly see that 


/ / Sh[ip]{x,t) dxdt = — / / f{x,s)di 

Jo Jo, nr Jq Jq 

I f 

< — / \ip{x, s)\^dsdtdx 

n Jq Jo Jt 

rs rh rs 

/ \ip{x, s)\^dtds + / / \ip{x, s)\^dtds 

J s—h Jo Jo 


dtdx 


1 

h JQ Jh 

h 


rT+h rT 


+ 


/ \f{x,s)\^dtds>dx 
Js-h ) 


< 


h J J It(^)+ J ■s|(/?(a:, s)|^(is + J {T + h — s)\f{x, s)\^ds'fdx 
'h J J \Ti^:s)\^ds + h J \<f{x,s)\^ds + h J |(/j(a:, s)|^(is|dx 

rT+h r 

/ / \ip{x ^ s)f’dxds 

Jo Jn 


for all h £ (0,1). 

ii) By linearity of Sh and i), we have 


T|Ilp(Qx(0,T)) ~ 
< 

< 


WShifh ~ T] + (>5'h[T] “ T)llLP(nx(0,T)) 

\\Sh[fh — T]llLP(Ox(0,r)) + ll'S'h[T] “ T|Ilp(Ox(0,T)) 
Wfh ~ TllLP(fJx(0,T+/i)) + II'S'/iIt] ~ T|Ilp(Ox(0,T)) 


for all h £ (0,1). 
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Since 5'/i[(/3] —^ in x (0,T)) by a well-known result (see e.g. [Sj Lemma 1.3.2]), (I10.3P therefore 
entails (|10.4p . □ 

We also separately state the following interpolation lemma which is used in several places. 


Lemma 10.2 There exists C > 0 such that whenever J gM. is an interval, the following holds. 

i) Any function n S L^(Q)) n L^(J; belongs to L3{Q x J) and satisfies 

I.J (10.5) 

ii) IfueL°°{J;L'^{n]R^))r\L^{J;WQ’'^{n]R^)), then u e if {n x J]R^) with 

Ij ^ - ^ll^“lli2(!^xj)ll“llL°°(j;L2(Q))- (10.6) 

Proof. Both statements can be obtained upon straightforward interpolation using the Gagliardo- 
Nirenberg inequality. □ 

Acknowledgement. The author would like to thank Johannes Lankeit and Ken Abe for numerous 
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